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1 Äåÿêi çàãàëüíi ïèòàííÿ àíàëiçó
1.1 Ôóíêöi¨ îáìåæåíî¨ âàðiàöi¨
Äàìî îçíà÷åííÿ.
Îçíà÷åííÿ 1.1.1. Íåõàé [a, b]  âiäðiçîê ïðÿìî¨ R1. Ôóíêöiÿ f :
[a, b] → R1 íàçèâà¹òüñÿ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨, ïèøóòü f ∈ V[a,b],
ÿêùî iñíó¹ ñòàëà C > 0 òàêà, ùî äëÿ áóäü-ÿêîãî ðîçáèòòÿ π = {a = t0 ≤
t1 ≤ . . . ≤ tn−1 ≤ tn} âèêîíàíî íåðiâíiñòü
n∑
i=1
|f(ti)− f(ti−1)| ≤ C .







|f(ti)− f(ti−1)| < ∞
íàçèâà¹òüñÿ âàðiàöi¹þ ôóíêöi¨ f íà âiäðiçêó [a, b].
Çàóâàæèìî, ùî íåïåðåðâíà ôóíêöiÿ ìîæå ìàòè íåîáìåæåíó âàðiàöiþ
i íàâïàêè, ðîçðèâíà ôóíêöiÿ ìîæå áóòè îáìåæåíî¨ âàðiàöi¨, òîáòî
V[a,b] ̸⊂ C[a,b] , C[a,b] ̸⊂ V[a,b] .
Äåÿêi âëàñòèâîñòi ôóíêöié îáìåæåíî¨ âàðiàöi¨:
1) Ôóíêöi¨ îáìåæåíî¨ âàðiàöi¨ ¹ îáìåæåíèìè íà âiäðiçêó [a, b] (öå
âèïëèâà¹ ç íåðiâíîñòi òðèêóòíèêà i îçíà÷åííÿ ôóíêöié îáìåæåíî¨ âàðià-
öi¨). Îáåðíåíå òâåðäæåííÿ íåâiðíå (ïðèêëàä  ôóíêöiÿ Äèðiõë¹
f(x) =
{
1, x ∈ Q,
0, x ∈ R \Q
 äîâåäiòü öå !).
2)Ìîíîòîííi ôóíêöi¨, âèçíà÷åíi íà âiäðiçêó [a, b], ìàþòü îáìåæåíó
âàðiàöiþ. Äiéñíî, íåõàé, íàïðèêëàä, f ìîíîòîííî çðîñòà¹, òîäi
n∑
i=1
|f(ti)− f(ti−1)| = f(t1)− f(t0) + f(t2)− f(t1) + · · ·+ f(tn)− f(tn−1) =
= f(tn)− f(t0) = f(b)− f(a) < ∞ .
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3) ßêùî f, g ∈ V[a,b], òî λf + µg ∈ V[a,b] è f · g ∈ V[a,b].
4) Íåõàé ôóíêöiÿ f äèôåðåíöiéîâíà íà âiäðiçêó [a, b] (âêëþ÷àþ÷è îä-
íîñòîðîííi ïîõiäíi ó êiíöåâèõ òî÷êàõ), ïðè÷îìó |f ′(x)| ≤ C äëÿ äåÿêî¨
ñòàëî¨ C > 0. Òîäi f ìà¹ îáìåæåíó âàðiàöiþ. Äiéñíî, íà êîæíîìó iíòåð-
âàëi [ti−1, ti] çàñòîñó¹ìî äëÿ âiäîáðàæåííÿ f òåîðåìó Ëàãðàíæà, òîäi äëÿ
äåÿêî¨ òî÷êè ξi ∈ (ti−1, ti) ìà¹ìî: |f(ti) − f(ti−1)| = |f ′(ξi)| · |ti − ti−1| ≤
C · (ti − ti−1). Òîäi
n∑
i=1
|f(ti)− f(ti−1)| ≤ C ·
n∑
i=1
(ti − ti−1) = C(b− a) .
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5) Òåîðåìà Æîðäàíà. Ôóíêöiÿ f ìà¹ îáìåæåíó âàðiàöiþ íà [a, b]
òîäi i òiëüêè òîäi, êîëè âîíà ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäi f =
f1−f2, äå f1 i f2  ìîíîòîííî çðîñòàþ÷i ôóíêöi¨ íà [a, b]. Çîêðåìà, ÿêùî
f ∈ V[a,b], òî f ìàéæå âñþäè äèôåðåíöiéîâíà íà [a, b]. (Áåç äîâåäåííÿ.
Äîâåäåííÿ ìîæå áóòè çíàéäåíî, íàïðèêëàä, â [3, 2, ãë. VI]).
Ïðèêëàä 1.1.1. Ç'ÿñóâàòè, ÷è áóäå ìàòè îáìåæåíó âàðiàöiþ ôóíê-





, x ̸= 0,
0, x = 0 .
Ðîçâ'ÿçîê. Ïîêàæåìî, ùî ôóíêöiÿ f ìà¹ íåîáìåæåíó âàðiàöiþ íà
âiäðiçêó [0, 1], òîáòî f ̸∈ V[0,1]. Äëÿ öüîãî ñïî÷àòêó çíàéäåìî âñi òî÷êè
x ∈ [0, 1] òàêi, ùî sin 1
x
= ±1. Ìà¹ìî:∣∣∣∣sin 1x






, k ∈ N .
Ðîçãëÿíåìî òåïåð ðîçáèòòÿ πn âiäðiçêó [0, 1] íàñòóïíîãî âèãëÿäó:
πn =
{





π + 2π(n− 1)
≤ . . . ≤ xn−1 =
2
π







∣∣∣∣± 2π + 2πn − 0




∣∣∣∣± 2π + 2π(n− 1) ± 2π + 2π(n− 2)
∣∣∣∣+ · · ·+ ∣∣∣∣ 23π + 2π















ðîçáiãà¹òüñÿ, òîìó âèðàç ó (1.1.1) ïðÿìó¹





|f(xi)− f(xi−1)| = ∞. 2
Ïðèêëàä 1.1.2. Ç'ÿñóâàòè, ÷è áóäå ìàòè îáìåæåíó âàðiàöiþ ôóíê-





, x ̸= 0,
0, x = 0 .
Ðîçâ'ÿçîê. Äîâåäåìî, ùî f ìà¹ îáìåæåíó âàðiàöiþ íà [0, 1]. Äëÿ öüîãî
çíàéäåìî ïîõiäíó ôóíêöi¨ f i ïîêàæåìî, ùî öÿ ïîõiäíà ¹ îáìåæåíîþ.
Ôóíêöiÿ f ¹ äèôåðåíöiéîâíîþ â óñiõ òî÷êàõ ïiâiíòåðâàëó (0, 1] ÿê äîáóòîê
äèôåðåíöiéîâíèõ ôóíêöié f1 = x2 i f2 = sin 1x . Ìà¹ìî:
f ′(x) = 2x · sin 1
x















∣∣ ≤ 1 i ∣∣cos 1
x
∣∣ ≤ 1 äëÿ âñiõ x ∈ [0, 1], ç (1.1.2) îòðèìà¹ìî:
|f ′(x)| ≤
∣∣∣∣2x · sin 1x
∣∣∣∣+ ∣∣∣∣cos 1x
∣∣∣∣ ≤ 2 · 1 + 1 = 3 .
Äîâåäåìî òàêîæ, ùî ïðàâîái÷íà ïîõiäíà ôóíêöi¨ f â òî÷öi x0 = 0 iñíó¹
i äîðiâíþ¹ íóëþ. Äëÿ öüîãî ïîðàõó¹ìî ïîõiäíó â íóëi çà îçíà÷åííÿì.
Ìà¹ìî:











x · sin 1
x
= 0 ,
îñêiëüêè ôóíêöiÿ x sin 1
x
¹ äîáóòêîì îáìåæåíî¨ ôóíêöi¨ f1(x) = sin 1x íà
íåñêií÷åííî ìàëó ôóíêöiþ f2(x) = x i îòæå, ¹ íåñêií÷åííî ìàëîþ ôóíê-
öi¹þ ïðè x → +0 (òîìó i lim
x→+0
x · sin 1
x
= 0 çà îçíà÷åííÿì íåñêií÷åííî
ìàëî¨ ôóíêöi¨).
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Âèñíîâîê: ôóíêöiÿ f ìà¹ â óñiõ òî÷êàõ âiäðiçêà [0, 1], âêëþ÷àþ÷è
êiíöåâi òî÷êè, îáìåæåíó ïîõiäíó, òîìó f ∈ V[0,1] çà âëàñòèâiñòþ 4) ôóíê-
öié îáìåæåíî¨ âàðiàöi¨ (äèâ ñ. 6). 2
1.2 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè  1
Çàäà÷à 1. Êîðèñòóþ÷èñü ìåòîäèêîþ, ðîçãëÿíóòîþ â ïðèêëàäàõ 1.1.1
1.1.2, ç'ÿñóâàòè, ÷è áóäå ôóíêöiÿ f, f(0) = 0, íà âiäðiçêó [0, 1] ìàòè








1 f(x) = x3 sin 1x 16 f(x) = x
2 sin 1
x3
2 f(x) = x4 sin 1x 17 f(x) = x
3 sin 1
x3
3 f(x) = x5 sin 1x 18 f(x) = x
2 sin 1
x4
4 f(x) = x6 sin 1x 19 f(x) = x
3 sin 1
x4
5 f(x) = x7 sin 1x 20 f(x) = x
4 sin 1
x4
6 f(x) = x8 sin 1x 21 f(x) = x
2 sin 1
x5
7 f(x) = x9 sin 1x 22 f(x) = x
3 sin 1
x5
8 f(x) = x10 sin 1x 23 f(x) = x
4 sin 1
x5
9 f(x) = x3 sin 1
x1/2
24 f(x) = x5 sin 1
x5
10 f(x) = x4 sin 1
x1/2
25 f(x) = x6 sin 1
x5
11 f(x) = x5 sin 1
x1/2
26 f(x) = x7 sin 1
x5
12 f(x) = x6 sin 1
x1/2
27 f(x) = x8 sin 1
x5
13 f(x) = x7 sin 1
x1/2
28 f(x) = x9 sin 1
x5
14 f(x) = x8 sin 1
x1/2
29 f(x) = x10 sin 1
x5
15 f(x) = x9 sin 1
x1/2
30 f(x) = x10 sin 1
x10
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Çàäà÷à 2. Ç'ÿñóâàòè, ÷è áóäå ôóíêöiÿ f, f(0) = 0, íà âiäðiçêó [0, 1]
ìàòè îáìåæåíó âàðiàöiþ äëÿ êîæíîãî ç âàðiàíòiâ ([x], ÿê çâè÷íî, ïî-








1 f(x) = cos(lnx) 16 f(x) = ln(sinx)







18 f(x) = ln(tanx)
4 f(x) = x lnx 19 f(x) = x cos 1x
5 f(x) = x2 lnx 20 f(x) = cos( 1x−2)











t dt 23 f(x) = cos(ln
2 x)
9 f(x) = lim
n→∞
cos2n 1x 24 f(x) = cos(ln
3 x)
10 f(x) = lim
n→∞
sin2n 1x 25 f(x) = sin(ln
2 x)
11 f(x) = sin[x] 26 f(x) = sin(ln3 x)
12 f(x) = cos[x] 27 f(x) = sin(sin 1x)
13 f(x) = tan[x] 28 f(x) = sin(cos 1x)
14 f(x) = x
2+x+1
x2−4x+4 29 f(x) = cos(sin
1
x)
15 f(x) = x
2+x+1





1.3 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ
1. Íåõàé äâi ôóíêöi¨ f, g ìàþòü îáìåæåíó âàðiàöiþ. ×è áóäå ¨õ ñó-
ïåðïîçèöiÿ h = f ◦ g òàêîæ ìàòè îáìåæåíó âàðiàöiþ ?
2. Ôóíêöiÿ f : [a, b] → R íàçèâà¹òüñÿ íåïðåðåðâíîþ çà Ãåëüäåðîì
ïîðÿäêó α, 0 6 α 6 1, ÿêùî |f(x) − f(y)| 6 C · |x − y|α äëÿ âñiõ x, y ∈
[a, b] i äåÿêî¨ ñòàëî¨ C > 0. ×è áóäå ôóíêöiÿ íåïåðåðâíà çà Ãåëüäåðîì ç
ïîêàçíèêîì α < 1 ìàòè îáìåæåíó âàðiàöiþ ? Âiäïîâiäü îá ðóíòóéòå.
3. Ôóíêöiÿ f : [a, b] → R íàçèâà¹òüñÿ ëiïøèöåâîþ, ÿêùî âîíà ¹ íåïðå-
ðåðâíîþ çà Ãåëüäåðîì ïîðÿäêó α = 1. Äîâåäiòü, ùî f ìà¹ îáìåæåíó
âàðiàöiþ.
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4. Íàâåäiòü ïðèêëàä ôóíêöi¨ îáìåæåíî¨ âàðiàöi¨ íà âiäðiçêó [0, 1], ÿêà
íå ¹ ëiïøèöåâîþ.
5. ×è áóäå ôóíêöiÿ f : [a, b] → R, ùî ìà¹ îáìåæåíó âàðiàöiþ íà
âiäðiçêó [a, b], ãåëüäåðîâîþ ç äåÿêèì ïîêàçíèêîì 0 6 α 6 1? Äîâåäiòü öå,
àáî âêàæiòü êîíòðïðèêëàä.
6. Íåõàé ôóíêöiÿ f : [a, b] → R ¹ íåïðåðåðâíîþ çà Ãåëüäåðîì ïîðÿäêó
α, α > 1. Äîâåäiòü, ùî f ≡ const.
7. Íåõàé ôóíêöiÿ f : [a, b] → R äèôåðåíöiéîâíà â óñiõ òî÷êàõ âiäðiçêó
[a, b]. ×è áóäå f ìàòè îáìåæåíó âàðiàöiþ ?






, x = m
n
∈ [0, 1],m ∈ Z, n ∈ N,
0, x ∈ (R \Q) ∩ [0, 1] .






, x = m
n
∈ [0, 1],m ∈ Z, n ∈ N,
0, x ∈ (R \Q) ∩ [0, 1] .
Ç'ÿñóâàòè, ÷è ìà¹ ôóíêöiÿ f îáìåæåíó âàðiàöiþ íà [0, 1].
Âêàçiâêà. Ðîçãëÿíóòè ðîçáèòòÿ âiäðiçêó [0, 1] çà äîïîìîãîþ ïðîñòèõ ÷èñåë i ñêî-




p , äå ñóìóâàííÿ éäå ïî óñiõ ïðîñòèõ ÷èñëàõ p, ðîçáiãà¹òüñÿ.
10. Íåõàé ôóíêöiÿ f : [a, b] → R ìà¹ îáìåæåíó âàðiàöiþ i ìà¹ ïîõiäíó
â óñiõ òî÷êàõ âiäðiçêó [a, b]. ×è îáìåæåíà f ′ íà [0, 1] ?
1.4 Ôóíêöi¨ ïîçèòèâíî¨, âiä'¹ìíî¨ òà ìàêñèìàëüíî¨ âàðiàöi¨. Ðîç-
êëàä Æîðäàíà






íàçèâà¹òüñÿ ôóíêöi¹þ âàðiàöi¨ ôóíêöi¨ f íà âiäðiçêó [a, b].
Âëàñòèâîñòi ôóíêöi¨ âàðiàöi¨:
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1) Ìîíîòîííå çðîñòàííÿ. Ôóíêöiÿ Vf (x) çðîñòà¹ íà âiäðiçêó [a, b] :
äëÿ áóäü-ÿêèõ x1, x2 ∈ [a, b] òàêèõ, ùî x1 > x2, âèêîíó¹òüñÿ íåðiâíiñòü:
Vf (x1) > Vf (x2).
2) ¾Ëiíiéíiñòü¿. ßêùî f, g ∈ V[a,b] i µ, λ ∈ R, òî Vλf+µg(x) ≤ |λ|Vf (x)+
|µ|Vg(x) äëÿ áóäü-ÿêîãî x ∈ [a, b]
4) Àäèòèâíiñòü âàðiàöi¨. ßêùî f ∈ V[a,b], òî äëÿ áóäü-ÿêîãî x ∈ [a, b]
âèêîíó¹òüñÿ ðiâíiñòü: Vf (b) = Vf (x) +
b∨
x
(f) (ó òåðìiíàõ âàðiàöi¨ íà âiäïî-










Ôóíêöi¨ V ±f (x) :=
Vf (x)±f(x)
2
íàçèâàþòüñÿ ôóíêöiÿìè ïîçèòèâíî¨ òà
âiä'¹ìíî¨ âàðiàöi¨ ôóíêöi¨ f(x). Êàíîíi÷íèì ðîçêëàäàííÿì Æîðäàíó íà-
çèâà¹òüñÿ ðîçêëàä ôóíêöi¨ f(x), ùî çàïèñó¹òüñÿ ó âèãëÿäi:
f(x) = V +f (x)− V
−
f (x) .
Ïðèêëàä 1.4.1. Ç'ÿñóâàòè, ÷è áóäå ìàòè îáìåæåíó âàðiàöiþ ôóíê-
öiÿ f íà âiäðiçêó [e−2, e2], ÿêùî f(x) = x3 · lnx. Ïîáóäóâàòè V +f (x), V
−
f (x),
Vf (x) i íàïèñàòè êàíîíi÷íèé ðîçêëàä Æîðäàíà.
Ðîçâ'ÿçîê. Çàóâàæèìî, ùî ôóíêöiÿ f(x) ìà¹ íåïåðåðâíó ïîõiäíó íà
âiäðiçêó [e−2, e2] (ïåðåâiðòå ñàìîñòiéíî !), îòæå, f ìà¹ îáìåæåíó âàðiàöiþ
çà âëàñòèâiñòþ 4) ôóíêöié îáìåæåíî¨ âàðiàöi¨ (äèâ ñ. 6).
Äëÿ çíàõîäæåííÿ V +f (x), V
−
f (x) i Vf (x) ïîáóäó¹ìî ñïî÷àòêó ãðàôiê
ôóíêöi¨ f. Ìà¹ìî: f ′(x) = 3x2 lnx + x2 = 0, çâiäñè x = e−1/3. Ëåãêî
áà÷èòè, ùî ïîõiäíà çìiíþ¹ çíàê ç ¾-¿ íà ¾+¿ ïðè ïåðåõîäi ÷åðåç òî÷-
êó x = e−1/3, îòæå, x = e−1/3  òî÷êà ëîêàëüíîãî ìiíiìóìó äëÿ ôóíê-
öi¨ f (äèâ. ìàëþíîê 1). Ðîçãëÿíåìî òåïåð îêðåìî iíòåðâàëè [e−2, e−1/3] i
[e−1/3, e2]. Íà îáîõ âiäðiçêàõ ôóíêöiÿ f ¹ ìîíîòîííîþ.
1) Íåõàé x ∈ [e−2, e−1/3], òîäi çà âëàñòèâiñòþ ìîíîòîííèõ ôóíêöié 2)
íà ñ. 6 ìà¹ìî: Vf (x) = |f(e−2)− f(x)| = −2e−6 − x3 lnx.
2) Íåõàé òåïåð x ∈ [e−1/3, e2]. Îñêiëüêè íà öüîìó âiäðiçêó f ìîíîòîí-









(f)), òî áóäåìî ìàòè:
e−1/3∨
e−2





(f) = f(x)− f(e−1/3) = x3 lnx+ 1
3












−2e−6 − x3 lnx, x ∈ [e−2, e−1/3],
x3 lnx+ 2
3
e−1 − 2e−6, x ∈ [e−1/3, e2] .
Ôóíêöi¨ V +f (x) òà V
−






äå Vf çíàéäåíî âèùå. Ðîçêëàä Æîðäàíó ìà¹ âèãëÿä f(x) = V
+
f (x) −
V −f (x), äå V
+
f (x) òà V
−
f (x) âêàçàíi âèùå. 2
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1.5 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè  2
Çàäà÷à 3. Äîâåñòè, ùî ôóíêöiÿ f íà âiäðiçêó [−3, 3] ìà¹ îáìåæåíó
âàðiàöiþ äëÿ êîæíîãî ç âàðiàíòiâ. Ïîáóäóâàòè V +f (x), V
−
f (x), Vf (x) i








1 f(x) = x2 + 3x+ 1 16 f(x) = x2 + x− 6
2 f(x) = x2 − 3x+ 1 17 f(x) = x2 + x− 7
3 f(x) = x2 + 3x− 1 18 f(x) = x2 + x− 8
4 f(x) = −x2 + 3x+ 1 19 f(x) = −3x2 + x+ 1
5 f(x) = −x2 − 3x+ 1 20 f(x) = −4x2 + x+ 1
6 f(x) = 2x2 + 3x+ 1 21 f(x) = −5x2 + x+ 1
7 f(x) = x2 + 3x+ 1 22 f(x) = −6x2 + x+ 1
8 f(x) = x2 + 4x+ 2 23 f(x) = x2 + 2x− 6
9 f(x) = x2 + 5x+ 1 24 f(x) = x2 + 2x− 7
10 f(x) = x2 + 5x− 1 25 f(x) = −x2 + x+ 9
11 f(x) = x2 + x− 1 26 f(x) = x2 + x+ 11
12 f(x) = x2 + x− 2 27 f(x) = x2 + x+ 12
13 f(x) = x2 + x− 3 28 f(x) = x2 + 12x+ 1
14 f(x) = x2 + x− 4 29 f(x) = x2 + 11x+ 1
15 f(x) = x2 + x− 5 30 f(x) = x2 + 10x+ 1
1.6 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ
1. Íåõàé ôóíêöiÿ f äèôåðåíöiéîâíà â òî÷öi x ∈ [a, b]. ×è ìà¹ áóòè
Vf (x) äèôåðåíöiîéâíîþ â òî÷öi x. À íàâïàêè ?
Âêàçiâêà. Ðîçãëÿíüòå ôóíêöi¨ f(x) = |x| òà g(x) = x2 cos 1xα , 1 < α < 2, g(0) := 0.
2. Íàâåñòè ïðèêëàä äâîõ ôóíêöié f, g ∈ V[a,b] òàêèõ, ùî
b∨
a



















1.7 Ðîçêëàä ôóíêöié íà äèñêðåòíó i íåïåðåðâíó ÷àñòèíè
Çâåðíåìîñÿ äî íàñòóïíîãî îçíà÷åííÿ.
Îçíà÷åííÿ 1.7.1. Íåõàé {xi}∞1  ïîñëiäîâíiñòü òî÷îê ç âiäðiçêó [a, b]
i hi > 0 òàêi, ùî
∞∑
i=1





hi, x ∈ (a, b], h(a) = 0 . (1.7.1)
Ôóíêöiþ h íàçèâàþòü ôóíêöi¹þ ñòðèáêiâ, ïîáóäîâàíó çà ïîñëiäîâíîñòÿ-
ìè {xi} i {hi}.
Äëÿ íàãëÿäíîñòi ðîçãëÿíåìî ãðàôiê òàêî¨ ôóíêöi¨, êîëè êiëüêiñòü
òî÷îê hi i xi äîðiâíþ¹ 3 (äèâ. ìàëþíîê 2).
Ìàë. 2. Ïðèêëàä ôóíêöi¨ ñòðèáêiâ, êîëè êiëüêiñòü òî÷îê hi i xi äîðiâíþ¹ 3.
Íåçàëåæíî âiä íàâåäåíîãî âèùå ðîçãëÿíåìî òàêîæ íàñòóïíi îçíà÷åí-
íÿ. Íåõàé f : [a, b] → R, x0 ∈ [a, b], òîäi ãðàíèöi çëiâà i ñïðàâà âiä ôóíêöi¨
f â òî÷öi x0 ¹ íàñòóïíi âåëè÷èíè:
f(x0 − 0) := lim
x→x0−0
f(x) , f(x0 + 0) := lim
x→x0+0
f(x) .
Òóò i íàäàëi ÷èñëî A := f(x0−0) íàçèâà¹òüñÿ ãðàíèöåþ âiäîáðàæåííÿ f â
òî÷öi x0 çëiâà, ÿêùî äëÿ áóäü-ÿêîãî ε > 0 iñíó¹ δ = δ(ε, x0) : |f(x)−A| < ε
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äëÿ âñiõ x ∈ (x0− δ, x0). Àíàëîãi÷íî âèçíà÷à¹òüñÿ ãðàíèöÿ âiäîáðàæåííÿ
f â òî÷öi x0 ñïðàâà. Ôóíêöiÿ f íåïåðåðâíà çëiâà â òî÷öi x0, ÿêùî f(x0) =
f(x0 − 0), i íåïåðåðâíà ñïðàâà, ÿêùî f(x0) = f(x0 + 0).
Îçíà÷åííÿ 1.7.2. Ñòðèáêîì ôóíêöi¨ f â òî÷öi x0 íàçèâà¹òüñÿ íà-
ñòóïíà âåëè÷èíà:
wf (x0) := f(x0 + 0)− f(x0 − 0) .
Äåÿêi âëàñòèâîñòi ôóíêöi¨ ñòðèáêiâ h(x), âèçíà÷åíî¨ â (1.7.1)
1) Ôóíêöiÿ h(x) íåïåðåðâíà çëiâà â êîæíié òî÷öi x ∈ [a, b].
2) Ôóíêöiÿ h(x)  ìîíîòîííî çðîñòàþ÷à.
3) Ìíîæèíà ðîçðèâiâ ôóíêöi¨ h(x) ñïiâïàäà¹ ç ìíîæèíîþ {xi}∞i=1.
4) Ôóíêöiÿ h(x) íåïåðåðâíà ñïðàâà äëÿ âñiõ x ∈ [a, b] \ {xi}∞i=1 i
wh(xi) = hi, 1 6 i < ∞.
Êëþ÷îâîþ ¹ íàñòóïíà òåîðåìà.
Òåîðåìà 1.7.1. Íåõàé ôóíêöiÿ f(x) ìîíîòîííà íà âiäðiçêó [a, b] i ¨ ¨
òî÷êàìè ðîçðèâó ¹ ïîñëiäîâíiñòü {xi}∞i=1. Òîäi f çîáðàæó¹òüñÿ â âèãëÿäi
f(x) = fd(x) + fc(x) , (1.7.2)
äå
fd(x) = f(a+ 0)− f(a) +
∑
xi<x
wf (xi) + f(x)− f(x− 0) (1.7.3)
 íåïåðåðâíà çëiâà íà [a, b], à fc := f(x)− fd(x)  íåïåðåðâíà ôóíêöiÿ íà
âiäðiçêó [a, b].
Çîêðåìà, ÿêùî ôóíêöiÿ f ñàìà ¹ íåïåðåðâíîþ çëiâà, òî âîíà ðîç-
êëàäà¹òüñÿ â ñóìó ôóíêöi¨ ñòðèáêiâ fd(x) =
∑
xi<x
wf (xi) òà íåïåðåðâíî¨
ôóíêöi¨ fc(x).
Ðiâíiñòü (1.7.2) íàçèâà¹òüñÿ ðîçêëàäàííÿì ôóíêöi¨ f äî äèñêðåòíî¨
i íåïåðåðâíî¨ ÷àñòèíè.
Ñõåìà ðîçêëàäó ôóíêöi¨ îáìåæåíî¨ âàðiàöi¨
äî äèñêðåòíî¨ i íåïåðåðâíî¨ ÷àñòèíè
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1) Íåõàé f : [a, b] → R  çàäàíà ôóíêöiÿ. Çíàõîäèìî ¨¨ òî÷êè ðîçðèâó
{xk}∞k=1 (¨õ ìîæå áóòè, çîêðåìà, ñêií÷åííà êiëüêiñòü x1, . . . , xn) i áóäó¹ìî




2) Íà îñíîâi ñïiââiäíîøåííÿ (1.7.3) çàïèñó¹ìî fd(x). Òîäi fc(x) :=
f(x)− fd(x), à f(x) := fc(x) + fd(x)  áàæàíèé ðîçêëàä.
Ïðèêëàä 1.7.1. Ðîçêëàñòè ôóíêöiþ f : [0, 3] → R íà íåïåðåðâíó i
äèñêðåòíó ÷àñòèíè, ÿêùî
f(x) =
 x+ 1, x ∈ [0, 1],x+ 2, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .
Ðîçâ'ÿçîê. Ó ôóíêöi¨ f äâi òî÷êè ðîçðèâó  x1 = 1 i x2 = 2, äèâ.
ìàëþíîê 3.
f(x)=if(x<=1, x+1, 1<x<2, x+2, x+3)












Ìàë. 3. Ãðàôiê ôóíêöi¨ f(x) =

x+ 1, x ∈ [0, 1],
x+ 2, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .




1) Íåõàé x ∈ [0, 1]. Îñêiëüêè òî÷îê ðîçðèâó xi ôóíêöi¨ f òàêèõ, ùî
xi > x ïðè çàçíà÷åíèõ x íåìà¹, òî çà îçíà÷åííÿì hf (x) = 0 ïðè x ∈ [0, 1].
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2) Íåõàé x ∈ (1, 2]. Ïðè öèõ çíà÷åííÿõ x ôóíêöiÿ f ìà¹ ëèøå îäíó
òî÷êó ðîçðèâó x1 = 1, ùî çàäîâîëüíÿ¹ óìîâó x1 > x, à ñòðèáîê ôóíêöi¨
f â òî÷öi 1 äîðiâíþ¹ îäèíèöi. Îòæå, hf (x) = wf (x1) = 1 ïðè x ∈ (1, 2].
3) Íåõàé x ∈ (2, 3]. Ïðè öèõ çíà÷åííÿõ x ôóíêöiÿ f ìà¹ äâi òî÷êè
ðîçðèâó x1 = 1 i x2 = 2, ùî çàäîâîëüíÿþòü óìîâó xi > x, i = 1, 2, à
ñêà÷îê ôóíêöi¨ f â òî÷êàõ 1 i 2 äîðiâíþ¹ îäèíèöi. Îòæå, hf (x) = wf (x1)+
wf (x2) = 1 + 1 = 2 ïðè x ∈ (2, 3].
Ôóíêöiÿ ñòðèáêiâ hf (x) ìà¹ âèãëÿä
hf (x) =
 0, x ∈ [0, 1],1, x ∈ (1, 2] ,2, x ∈ (2, 3] ,
äèâ. ìàëþíîê 4.
f(x)=if(x<=1, 0, 1<x<2, 1, 2)











Ìàë. 4. Ãðàôiê ôóíêöi¨ hf (x) =

0, x ∈ [0, 1],
1, x ∈ (1, 2] ,
2, x ∈ (2, 3] .
Âèõiäíà ôóíêöiÿ f ¹ íåïåðåðâíîþ â òî÷öi a := 0, òîìó f(a + 0) −
f(a) = 0. Êðiì òîãî, ôóíêöiÿ ¹ íåïåðåðâíîþ çëiâà (äîâåäiòü öå !) i òîìó
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f(x)− f(x− 0) = 0. Îòæå, çà ñïiââiäíîøåííÿì (1.7.3)
fd(x) = hf (x) =
 0, x ∈ [0, 1],1, x ∈ (1, 2] ,2, x ∈ (2, 3] . (1.7.4)
Òåïåð ïîðàõó¹ìî fc(x). Ìà¹ìî:
1) ïðè x ∈ [0, 1], fc(x) := f(x)− fd(x) = x+ 1− 0 = x+ 1;
2) ïðè x ∈ (1, 2], fc(x) := f(x)− fd(x) = x+ 2− 1 = x+ 1;
3) ïðè x ∈ (2, 3], fc(x) := f(x)− fd(x) = x+ 3− 2 = x+ 1;
Îòæå, fc(x) = x + 1 ∀ x ∈ [0, 3]. Íàðåøòi, f(x) = fd(x) + fc(x), äå
fc(x) = x+ 1, à fd(x) âèçíà÷à¹òüñÿ çà ôîðìóëîþ (1.7.4). 2
1.8 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ
1∗. Íåõàé Q  ìíîæèíà âñiõ ðàöiîíàëüíèõ ÷èñåë âiäðiçêó [a, b], Q =
{xk}∞k=1, hk  äåÿêà ïîñëiäîâíiñòü ïîçèòèâíèõ ÷èñåë hi > 0 òàêèõ, ùî
∞∑
i=1
hi < ∞, h(x) =
∑
xi<x
hi, x ∈ (a, b], h(a) = 0 -âiäïîâiäíà ôóíêöiÿ
ñòðèáêiâ. ßêó ïîòóæíiñòü ìà¹ ìíîæèíà çíà÷åíü ôóíêöi¨ h  ç÷èñëåííî,
àáî êîíòèíóóì ?
Âêàçiâêà. Òóò ìíîæèíîþ ïîòóæíîñòi êîíòèíóóì íàçèâà¹òüñÿ ìíîæèíà, êiëü-
êiñòü åëåìåíòiâ êîòðî¨ äîðiâíþ¹ êiëüêîñòi åëåìåíòiâ â R, àáî, ùî ¹ òå æ ñàìå, êiëüêîñòi
åëåìåíòiâ âiäðiçêó [a, b]. Äîâåäiòü, ùî ôóíêöiÿ h áóäå ñòðîãî çðîñòàþ÷îþ, à çà öèì
ñêîðèñòàéòåñÿ òèì, ùî ìíîæèíà iððàöiîíàëüíèõ ÷èñåë âiäðiçêó [a, b] ìà¹ òó æ ñàìó
ïîòóæíiñòü, ùî i ìíîæèíà âñiõ òî÷îê âiäðiçêó [a, b.]
2. Íåõàé {xk}∞k=1  áóäü ÿêà ç÷èñëåííà ìíîæèíà. ×è ìîæíà âèçíà-
÷èòè ôóíêöiþ, ÿêà áóäå ìàòè ðîçðèâè ó âêàçàíèõ òî÷êàõ, i íåïåðåðâíîþ
íà ðåøòi ìíîæèíè ?
3. Íåõàé f  ìîíîòîííà ôóíêöiÿ íà âiäðiçêó [a, b]. ×è áóäå ôóíêöiÿ
fd, âèçíà÷åíà ðiâíiñòþ (1.7.3) íåïåðåðâíîþ ñïðàâà ? Çëiâà ? Âiäïîâiäü
îá ðóíòóéòå (äîâåäiòü öå, àáî íàâåäiòü âiäïîâiäíi ïðèêëàäè).
4. Íåõàé f  ìîíîòîííà ôóíêöiÿ íà âiäðiçêó [a, b], à fd  ôóíêöiÿ,
âèçíà÷åíà ðiâíiñòþ (1.7.3). Äîâåäiòü, ùî ôóíêöiÿ fc := f − fd ¹ íåïåðå-
ðâíîþ íà âiäðiçêó [a, b].
5∗. Íåõàé Q  ìíîæèíà âñiõ ðàöiîíàëüíèõ ÷èñåë âiäðiçêó [0, 1]. ×è
iñíó¹ ôóíêöiÿ, ùî ¹ íåïåðåðâíîþ â óñiõ òî÷êàõ ìíîæèíè Q i ðîçðèâíîþ
â òî÷êàõ ìíîæèíè R \Q ?
Âêàçiâêà. Ñêîðèñòóéòåñÿ òåîðåìîþ Áåðà ïðî êàòåãîði¨ i ïðèíöèïîì âêëàäåíèõ
âiäðiçêiâ.
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1.9 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè  3
Çàäà÷à 4. Ðîçêëàñòè ôóíêöiþ f íà âiäðiçêó [0, 3] äî íåïåðåðâíî¨ i äèñ-
êðåòíî¨ ÷àñòèíè (âàðiàíòè 2330 äèâ. íà íàñòóïíié ñòîðiíöi).
 Âiäîáðàæåííÿ  Âiäîáðàæåííÿ
1 f(x) =

x2 + 1, x ∈ [0, 1],
x2 + 2x, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .
12 f(x) =

x3 + 1, x ∈ [0, 1],
x3 − 1, x ∈ (1, 2] ,
x5, x ∈ (2, 3] .
2 f(x) =

5x+ 1, x ∈ [0, 1],
7x+ 2, x ∈ (1, 2] ,
8x+ 3, x ∈ (2, 3] .
13 f(x) =

x2 + 1, x ∈ [0, 1],
x2 + 3x, x ∈ (1, 2] ,
x+ 4, x ∈ (2, 3] .
3 f(x) =

x2 + 1, x ∈ [0, 1],
x+ 2, x ∈ (1, 2] ,
x2, x ∈ (2, 3] .
14 f(x) =

x6 + 1, x ∈ [0, 1],
2x, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .
4 f(x) =

x+ 2/3, x ∈ [0, 1],
x2, x ∈ (1, 2] ,
x3, x ∈ (2, 3] .
15 f(x) =

sinx, x ∈ [0, 1],
x2 + 2x, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .
5 f(x) =

x+ 4, x ∈ [0, 1],
x− 8, x ∈ (1, 2] ,
3x+ 1, x ∈ (2, 3] .
16 f(x) =

x2 + 1, x ∈ [0, 1],
cosx, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .
6 f(x) =

7x− 2, x ∈ [0, 1],
(x+ 2)2, x ∈ (1, 2] ,
x, x ∈ (2, 3] .
17 f(x) =

x2 + 1, x ∈ [0, 1],
lnx, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .
7 f(x) =

x− 6, x ∈ [0, 1],
(x− 1)2, x ∈ (1, 2] ,
8, x ∈ (2, 3] .
18 f(x) =

x, x ∈ [0, 1],
lnx, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .
8 f(x) =

9x− 9, x ∈ [0, 1],
x3, x ∈ (1, 2] ,
x4 − 10, x ∈ (2, 3] .
19 f(x) =

x2 + 1, x ∈ [0, 1],
x2 + 2, x ∈ (1, 2] ,
sinx, x ∈ (2, 3] .
9 f(x) =

x− 15, x ∈ [0, 1],
x2 + 2x+ 2, x ∈ (1, 2] ,
x2 + 2x+ 3, x ∈ (2, 3] .
20 f(x) =

sinx, x ∈ [0, 1],
cosx, x ∈ (1, 2] ,
sinx, x ∈ (2, 3] .
10 f(x) =

x− 4, x ∈ [0, 1],
2x3 − 4, x ∈ (1, 2] ,
2x2 − 1, x ∈ (2, 3] .
21 f(x) =

cosx, x ∈ [0, 1],
sinx, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] .
11 f(x) =

5x+ x3, x ∈ [0, 1],
7x+ 2, x ∈ (1, 2] ,
7x, x ∈ (2, 3] .
22 f(x) =

x10, x ∈ [0, 1],
x2, x ∈ (1, 2] ,
sinx, x ∈ (2, 3] .
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 Âiäîáðàæåííÿ  Âiäîáðàæåííÿ
23 f(x) = [x] 27 f(x) = [x2]
24 f(x) = x− [x] 28 f(x) = x+ [x]
25 f(x) =

x2 + 1, x ∈ [0, 1],
[x] , x ∈ (1, 2] ,






, x ∈ [0, 1],[
x6
]
+ x, x ∈ (1, 2] ,[
x6
]
+ x2, x ∈ (2, 3] .
26 f(x) =

[x+ 2] /3, x ∈ [0, 1],
x2, x ∈ (1, 2] ,[
x3
]
+ x, x ∈ (2, 3] .
30 f(x) =

[sinx], x ∈ [0, 1],[
x2 + 2x
]
, x ∈ (1, 2] ,
[x] + 3, x ∈ (2, 3] .
1.10 Iíòåãðàë Ñòiëüòü¹ñà
Íàñòóïíèì ïîíÿòòÿì, ùî ìà¹ áóòè âèâ÷åíèì ïðîòÿãîì íàøîãî êóðñó, ¹
iíòåãðàë Ñòiëüòü¹ñà (â iíøèõ äæåðåëàõ  ÐiìàíàÑòiëüòü¹ñà ), ùî óçà-
ãàëüíþ¹ äîáðå âiäîìèé âèçíà÷íèé iíòåãðàë Ðiìàíà íà ïðÿìié. Ðîçãëÿíåìî
íàñòóïíå îçíà÷åííÿ.
Îçíà÷åííÿ 1.10.1. Íåõàé f : [a, b] → R i g : [a, b] → R  äâi ôóíêöi¨,
çàäàíi íà âiäðiçêó [a, b] i π = {a = x0 ≤ x1 ≤ . . . ≤ xn−1 ≤ xn = b}  äåÿêå
ðîçáèòòÿ âiäðiçêó [a, b]. Ñóìà âèãëÿäó




íàçèâà¹òüñÿ iíòåãðàëüíîþ ñóììîþ Ñòiëüòü¹ñà, ïîáóäîâàíîþ çà ôóíê-
öiÿìè f i g (òóò ξk ∈ [xk−1, xk]). ßêùî iñíó¹ ãðàíèöÿ iíòåãðàëüíèõ ñóì
âèãëÿäó (1.10.1), êîëè äiàìåòð d(π) ðîçáèòòÿ π çáiãà¹òüñÿ äî íóëÿ (òóò
d(π) := max
16k6n
|xk −xk−1|), i öÿ ãðàíèöÿ íå çàëåæèòü âiä îáðàííÿ ðîçáèòòÿ
π òà ñèñòåìè ñåðåäíiõ òî÷îê ξk, òî öÿ ãðàíèöÿ íàçèâà¹òüñÿ iíòåãðàëîì



























3) Àäèòèâíiñòü: ßêùî c ∈ (a, b) i iíòåãðàë
b∫
a

















Óìîâè iñíóâàííÿ. Iíòåãðàë Ñòiëüòü¹ñà
b∫
a
fdg iñíó¹ ïðèíàéìíi ó âè-
ïàäêó, êîëè f ∈ C[a,b] i g ∈ V[a,b]. Â öüîìó âèïàäêó
b∫
a








1) Iíòåãðóâàííÿ ïî ÷àñòèíàõ. Íåõàé f, g  äâi ôóíêöi¨, çàäàíi íà







iñíóþòü àáî íå iñíóþòü îäíî÷àñíî i ñïðàâåäëèâà ðiâíiñòü
b∫
a





äå, ÿê çâè÷íî, f(x)g(x)|ba := f(b)g(b)− f(a)g(a).
2) Çâåäåííÿ äî iíòåãðàëó Ðiìàíà. Íåõàé f ∈ C[a,b], à g äèôåðåíöiéîâ-







f(x)g ′(x)dx , (1.10.3)
äå ñïðàâà â (1.10.3)  çâè÷àéíèé iíòåãðàë Ðiìàíà.
3) Îñíîâíà ôîðìóëà äëÿ îá÷èñëåííÿ. Íåõàé f ∈ C[a,b], g ∈ V[a,b] i
g = gc + gd  ðîçêëàä ôóíêöi¨ g íà íåïåðåðâíó i äèñêðåòíó ÷àñòèíè,
gd(x) = g(a+ 0)− g(a) +
∑
xi<x
wg(xi) + g(x)− g(x− 0) ,














f(x)dgd(x) = f(a)(g(a+ 0)− g(a)) +
∞∑
k=1
f(xk)(g(xk + 0)− g(xk − 0))+
(1.10.5)
+f(b)(g(b)− g(b− 0)) .





 x+ 1, x ∈ [0, 1],x+ 2, x ∈ (1, 2] ,
x+ 3, x ∈ (2, 3] ,
g(x) = x.
Ðîçâ'ÿçîê.
Ïåðøèé ñïîñiá  çà äîïîìîãîþ iíòåãðóâàííÿ ïî ÷àñòèíàõ.
Îñêiëüêè çà ñïiââiäíîøåííÿì (1.10.2)
3∫
0
gdf = f(x)g(x)|30 −
3∫
0
fdg , òî áó-










































Äðóãèé ñïîñiá  çà äîïîìîãîþ ðîçêëàäó íà íåïåðåðâíó i
äèñêðåòíó ÷àñòèíè. Ñêîðèñòà¹ìîñÿ ðåçóëüòàòîì ïðèêëàäó 1.7.1. Ìè
âæå ç'ÿñóâàëè, ùî
fd(x) =
 0, x ∈ [0, 1],1, x ∈ (1, 2] ,2, x ∈ (2, 3] ,




g(x)dfd(x) = g(0)(f(a+ 0)− f(a)) +
2∑
k=1
g(xk)(f(xk + 0)− f(xk − 0))+




g(x)dfd(x) = 0 · 0+ g(1)(f(1+ 0)− f(1− 0))+ g(2)(f(2+ 0)− f(2− 0))+
+3 · 0 =


























+ 3 = 15
2
. 2







fdg iñíóþòü äëÿ äåÿêèõ ôóíêöié f, g,









3. Íåõàé ôóíêöiÿ f íåïåðåðâíà â óñiõ òî÷êàõ âiäðiçêó [a, b] çà âèêëþ-




4. ×è çìiíèòüñÿ âiäïîâiäü íà çàïèòàííÿ 3, ÿêùî ââàæàòè, ùî f ¹
îáìåæåíîþ ?
1.12 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè  4




ñîáàìè (çà äîïîìîãîþ iíòåãðóâàííÿ ïî ÷àñòèíàõ òà çà äîïîìîãîþ ðîç-
êëàäó ôóíêöi¨ íà íåïåðåðâíó i äèñêðåòíó ÷àñòèíó), ÿêùî ôóíêöiÿ g(x) =
x, à ôóíêöiÿ f áåðåòüñÿ iç çàäà÷i 4 äëÿ êîæíîãî ç âàðiàíòiâ.
1.13 Àáñîëþòíî íåïåðåðâíi ôóíêöi¨
Íåïåðåðâíi ôóíêöi¨ ¹, â äåÿêîìó ñåíñi, íå äîñèòü ¾äîñêîíàëèì¿ îá'¹êòîì.
Íàïðèêëàä, ÿê ìè âæå áà÷èëè ïðè ðîçãëÿäàííi ïðèêëàäó 1.1.1, íåïåðå-
ðâíà ôóíêöiÿ íå çîáîâ'ÿçàíà ìàòè îáìåæåíó âàðiàöiþ; ìîæóòü áóòè ïî-
áóäîâàíi ïðèêëàäè íåïåðåðâíèõ ôóíêöié, ùî íå ìàþòü ïîõiäíî¨ â æîäíié
òî÷öi îáëàñòi âèçíà÷åííÿ.
Íàñòóïíèé êëàñ ôóíêöié äåùî çâóæó¹ îçíà÷åííÿ íåïåðåðâíîñòi i
¾âèêëþ÷à¹¿ âèíèêíåííÿ çàçíà÷åíèõ ñèòóàöié. Ðîçãëÿíåìî íàñòóïíå îçíà-
÷åííÿ.
Îçíà÷åííÿ 1.13.1. Ôóíêöiÿ f : [a, b] → R íàçèâà¹òüñÿ àáñîëþòíî
íåïåðåðâíîþ, ïèøóòü f ∈ AC[a,b] ÿêùî äëÿ áóäü-ÿêîãî ε > 0 iñíó¹ δ =




(bi − ai) < δ, âèêîíàíî óìîâó:
n∑
i=1
|f(bi)− f(ai)| < ε.
Äåÿêi âëàñòèâîñòi àáñîëþòíî íåïåðåðâíèõ ôóíêöié
1) Ñóìà, ðiçíèöÿ, äîáóòîê àáñîëþòíî íåïåðåðâíèõ ôóíêöié òà ïî-
ìíîæåííÿ àáñîëþòíî íåïåðåðâíî¨ ôóíêöi¨ íà ÷èñëî ¹ çíîâó àáñîëþòíî
íåïåðåðâíîþ ôóíêöi¹þ.
2) ßêùî ôóíêöiÿ àáñîëþòíî íåïåðåðâíà íà âiäðiçêó, òî âîíà íåïåðå-
ðâíà, ðiâíîìiðíî íåïåðåðâíà i ìà¹ îáìåæåíó âàðiàöiþ.
3) Àáñîëþòíî íåïåðåðâíi ôóíêöi¨ i òiëüêè âîíè âiäíîâëþþòüñÿ âiä




f ′(t)dt = f(x)− f(a).
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Íåñêëàäíî ïîáóäóâàòè ïðèêëàä íåïåðåðâíî¨ ôóíêöi¨, ÿêà íå ¹ àá-
ñîëþòíî íåïåðåðâíîþ. Íàïðèêëàä, ïiäiéäå ôóíêöiÿ ç ïðèêëàäó 1.1.1:
îñêiëüêè âîíà ìà¹ íåîáìåæåíó âàðiàöiþ, òî çà âëàñòèâiñòþ 2) âîíà íå
¹ é àáñîëþòíî íåïåðåðâíîþ. Çíà÷íî ñêëàäíiøå ïîáóäóâàòè íåïåðåðâíó
ôóíêöiþ îáìåæåíî¨ âàðiàöi¨, ÿêà íå ¹ àáñîëþòíî íåïåðåðâíîþ
(òàê çâàíi Êàíòîðîâi ñõîäè).
1.14 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ
1. Ïîáóäóâàòè ïðèêëàä àáñîëþòíî íåïåðåðâíî¨ ôóíêöi¨, ùî íå ¹ ëiï-
øåöåâîþ.
2. Äîâåñòè, ùî ÿêùî â îçíà÷åííi àáñîëþòíî íåïåðåðâíèõ ôóíêöié
çíÿòè âèìîãó, ùî iíòåðâàëè (ai, bi) íå ïåðåòèíàþòüñÿ, òî òàêà ôóíêöiÿ
áóäå íàâiòü ëiïøèöåâîþ.
3. Íàâåñòè ïðèêëàä àáñîëþòíî íåïåðåðâíî¨ ôóíêöi¨, ÿêà ìà¹ òî÷êó
íåäèôåðåíöiéîâíîñòi.
4. Äîâåñòè, ùî ÿêùî f ∈ AC[a,b], òî òàêîæ i Vf (x) ∈ AC[a,b].
1.15 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè  5
Çàäà÷à 6. Ç'ÿñóâàòè, ÷è áóäå ôóíêöiÿ f iç çàäà÷i 1 àáñîëþòíî íåïåðå-
ðâíîþ äëÿ êîæíîãî ç âàðiàíòiâ.
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2 Ìiðà òà iíòåãðàë Ëåáåãà
2.1 Áîðåëåâi i âèìiðíi ìíîæèíè
Ïî÷íåìî ç íàñòóïíèõ îçíà÷åíü.
Îçíà÷åííÿ 2.1.1. Ñóêóïíiñòü ìíîæèíR íàçèâà¹òüñÿ êiëüöåì ÿêùî:
1) A ∪B ∈ R äëÿ âñiõ A,B ∈ R; 2) A \B ∈ R äëÿ âñiõ A,B ∈ R.
Îñêiëüêè A ∩ B = A \ (A \ B), òî îïåðàöiÿ <<
∩
>> òàêîæ íå
âèâîäèòü çà ìåæi êiëüöÿ. Òàêèì ÷èíîì, êiëüöå  öå ñèñòåìà ìíîæèí,
çàìêíåíà âiäíîñíî îïåðàöié îá'¹äíàííÿ, ðiçíîñòi i ïåðåòèíó. Ç îçíà÷åííÿì
2.1.1 ñòèñëî ïîâ'ÿçàíå íàñòóïíå.




Ai ⊂ R ÿê òiëüêè Ai ∈ R ∀i = 1, 2, . . . , ; 2) A\B ∈ R äëÿ âñiõ
A,B ∈ R.
Çàóâàæèìî, ùî îïåðàöiÿ ç÷èñëåííîãî ïî¹äíàííÿ ìíîæèí íå âèâî-
äèòü çà ìåæi σ-êiëüöÿ, áî
∞∩
i=1
Ai = A1 \
∞∪
i=2
(A1 \ Ai) (ïåðåâiðòå öå !). Òà-
êèì ÷èíîì, êiëüöå  öå ñèñòåìà ìíîæèí, çàìêíåíà âiäíîñíî îïåðàöié
ç÷èñëåííîãî îá'¹äíàííÿ, ðiçíîñòi i ç÷èñëåííîãî ïåðåòèíó. Çà îçíà÷åííÿì,
áóäü-ÿêå σ-êiëüöå ¹ êiëüöåì, àëå íå íàâïàêè (íàâåäiòü ïðèêëàä !).
Îçíà÷åííÿ 2.1.3. Ìíîæèíà íàçèâà¹òüñÿ áîðåëåâîþ, ÿêùî âîíà íà-
ëåæèòü íàéìåíøîìó σ-êiëüöþ, ùî ìiñòèòü óñi âiäêðèòi i çàìêíåíi ìíî-
æèíè. Öå σ-êiëüöå íàçèâà¹òüñÿ σ-êiëüöåì áîðåëåâèõ ìíîæèí.
Îêðåìèì ïðèêëàäîì áîðåëåâñüêèõ ìíîæèí ¹ âñi çàìêíåíi i âiäêðèòi
ìíîæèíè, à òàêîæ ùå äâà âèäà ìíîæèí, îçíà÷åííÿ ÿêèõ íàâåäåíî íèæ÷å.




Fi, äå Fi  çàìêíåíi.




Gi, äå Gi  âiäêðèòi.
Ìíîæèíè òèïó Fσ ìîæóòü áóòè çàìêíåíèìè, àëå íå îáîâ'ÿçêîâî. Òàê
ñàìî, ìíîæèíè òèïó Gδ ìîæóòü âèÿâèòèñÿ âiäêðèòèìè, àëå íå çàâæäè
öå òàê. Ïîêàæåìî öå íà êîíêðåòíèõ ïðèêëàäàõ.
Ïðèêëàäè ìíîæèí ðiçíèõ òèïiâ
1) Îäíîòî÷êîâà ìíîæèíà {a} ¹ çàìêíåíîþ i, îòæå, áîðåëåâà.
26
2) Ìíîæèíà R \ {a} ¹ âiäêðèòîþ ÿê äîäàòîê äî çàìêíåíî¨ ìíîæèíè




3) Ìíîæèíà ðàöiîíàëüíèõ ÷èñåë Q íå çàìêíåíà (äîâåäiòü öå !), àëå




 îäíîòî÷êîâà i îòæå, çàìêíåíà ìíîæèíà. Òàèì ÷èíîì, Q  áîðåëåâà
ìíîæèíà.
4) Ìíîæèíà iððàöiîíàëüíèõ ÷èñåë R \ Q íå çàìêíåíà (äîâåäiòü öå
!), àëå âîíà ¹ ìíîæèíîþ òèïó Gδ, îñêiëüêè, çà âiäîìèìè ïðàâèëàìè äå-
Ìîðãàíà






(R \ {xi}) ,
à êîæíà ìíîæèíà R\{xi} ¹ âiäêðèòîþ ÿê äîäàòîê äî çàìêíåíî¨ ìíîæèíè
{xi}. Îòæå, ìíîæèíà iððàöiîíàëüíèõ ÷èñåë  áîðåëåâà.
5) Ìíîæèíà A = { 1
n
}∞n=1 íå ¹ çàìêíåíîþ: ¨¨ ãðàíè÷íà òî÷êà x0 = 0 íå
íàëåæèòü A. Îäíàê, A  òèïó Fσ, îñêiëüêè A ¹ ïî¹äíàííÿì îäíîòî÷êîâèõ
ìíîæèí, ùî ¹ çàìêíåíèìè. Çàóâàæèìî, ùî A ′ = A ∪ {0} ¹ çàìêíåíîþ
ìíîæèíîþ.
Òåïåðü áiëüø äåòàëüíî ïðî ìiðó i âèìiðíi ìíîæèíè. Âñþäó íèæ÷å
ìà¹òüñÿ íà óâàçi ìiðà Ëåáåãà â Rn. Ïî÷íåìî ç îçíà÷åííÿ.
Îçíà÷åííÿ 2.1.6.Îñíîâíèì ïðÿìîêóòíèêîì â Rn íàçèâà¹òüñÿ ìíî-
æèíà âèäó Pn = {x = (x1, . . . , xn) ∈ Rn : ai 6 xi 6 bi, i = 1, 2, . . . , n}. (Òóò
íåðiâíîñòi ìîæóòü áóòè ÿê ñòðîãèìè, òàê i íi). Ìiðà Ëåáåãà îñíîâíîãî




(bi − ai) .
Îçíà÷åííÿ 2.1.7. Åëåìåíòàðíîþ ìíîæèíîþ â Rn íàçèâà¹òüñÿ áóäü-
ÿêå ñêií÷åííå ïî¹äíàííÿ ïîïàðíî íåïåðåñi÷íèõ îñíîâíèõ ïðÿìîêóòíèêiâ.
Ñóêóïíiñòü óñiõ åëåìåíòàðíèõ ìíîæèí ïîçíà÷à¹òüñÿ E .
Ëåãêî áà÷èòè, ùî ñóêóïíiñòü îñíîâíèõ ïðÿìîêóòíèêiâ ôîðìó¹ êiëü-
öå ìíîæèí (äîâåäiòü !). ßêùî E ⊂ E , òî E =
k∪
i=1
Pi, äå Pi - îñíîâíi
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Íàñòóïíå îçíà÷åííÿ òðåáà äëÿ òîãî, ùîá ïåðåíåñòè ïîíÿòòÿ ìiðè
äëÿ øèðîêèõ êëàñiâ ìíîæèí, à íå òiëüêè ïðÿìîêóòíèêiâ i åëåìåíòàðíèõ
ìíîæèí.
Îçíà÷åííÿ 2.1.8. Äëÿ áóäü-ÿêî¨ ìíîæèíè A ⊂ Rn âèçíà÷èìî çîâ-










äå An ∈ E i An âiäêðèòi äëÿ áóäü-ÿêîãî n ∈ N.
Ìîæíà ïîêàçàòè, ùî äëÿ åëåìåíòàðíèõ ìíîæèí E ⊂ E âèêîíó¹òüñÿ
ðiâíiñòü m(E) = m∗(E), òîáòî, ôóíêöiÿ m∗ ¹ ïðîäîâæåííÿì ôóíêöi¨ m
íà áiëüøèé êëàñ ìíîæèí. Íàðåøòi, ìíîæèíà A íàçèâà¹òüñÿ âèìiðíîþ
çà Ëåáåãîì, ÿêùî ∀ε > 0 iñíóþòü çàìêíåíà ìíîæèíà Fε ⊂ A i âiäêðèòà
ìíîæèíà Gε ⊃ A òàêi, ùî
m∗(A \ Fε) < ε i m∗(Gε \ A) < ε . (2.1.1)
ßêùî ìíîæèíà A ¹ âèìiðíîþ, òî ïîêëàäàþòü m(A) := m∗(A) è â öüîìó
âèïàäêó ÷èñëî m(A) íàçèâàþòü ìiðîþ Ëåáåãà ìíîæèíè A.
Çàóâàæèìî, ùî âñi áîðåëåâi ìíîæèíè ¹ âèìiðíèìè, i ùî iñíóþòü
íåâèìiðíi ìíîæèíè. Íà ïðàêòèöi êîðèñòóâàòèñÿ ôîðìóëîþ (2.1.1) íå çà-
âæäè äîöiëüíî, îñêiëüêè ìiðà Ëåáåãà ¹ íå áiëüø - íå ìåíø, ÿê äîâæèíà
ìíîæèíè â Rn ïðè n = 1, ïëîùà ïðè n = 2 i îá'¹ì ïðè n = 3. Öi âåëè-
÷èíè iíîäi çðîçóìiëi iíòóiòèâíî i ìîæóòü áóòè ïîëi÷åíi áåçïîñåðåäíüî ó
áàãàòüîõ âèïàäêàõ.
Ìiðà Ëåáåãà ìà¹ íàñòóïíi âëàñòèâîñòi:
Òåîðåìà 2.1.1.
1) Ñêií÷åííi òà ç÷èñëåííi ìíîæèíè ìàþòü ìiðó íóëü (äîâåäiòü) !




















m(Ai) ÿê òiëüêè Ai ∩ Aj = ∅ ïðè i ̸= j.
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òî m(A) = lim
n→∞
m(An).




òî m(A) = lim
n→∞
m(An).
7) ßêùî A ⊂ B, òî m(B \ A) = m(B)−m(A).
Ïðèêëàä 2.1.1. Äîâåñòè, ùî ìíîæèíà A ¹ áîðåëåâîþ i ïîðàõóâàòè




Ðîçâ'ÿçîê. Çàóâàæèìî, ùî A = B\C, äå B =
∞∪
n=1
(−10, arctann) i C :=
Q. Ìíîæèíè B i C ¹ áîðåëåâèìè, îñêiëüêè B ¹ ç÷èñëåííèì ïî¹äíàííÿì
âiäêðèòèõ ìíîæèí (−10, arctann) i, îòæå, âiäêðèòå, à C (ÿê áóëî äîâåäåíî
âèùå) ¹ ìíîæèíîþ òèïó Fσ i îòæå, áîðåëåâå. Òîäi A ¹ ðiçíiñòþ äâîõ
áîðåëåâèõ ìíîæèí i òîìó òàêîæ ¹ áîðåëåâîþ ìíîæèíîþ.
Çàëèøà¹òüñÿ ïîðàõóâàòèm1(A)  îäíîâèìiðíó ìiðó Ëåáåãà ìíîæèíè
A. Çàóâàæèìî, ùî Q ìà¹ ìiðó íóëü i òîìó m(A) = m(B). Ñêîðèñòà¹ìîñÿ
âëàñòèâiñòþ 5) ç òåîðåìè 2.1.1. Îñêiëüêè ïîñëiäîâíiñòü ìíîæèí An :=





(10 + arctann) = π
2
+ 10. 2
Ïðèêëàä 2.1.2. Íåõàé A  ïiäìíîæèíà âiäðiçêó [0, 1],ùî ñêëàäà¹òü-
ñÿ ç ÷èñåë, äåñÿòêîâèé ðîçêëàä êîòðèõ ìîæíî çàïèñàòè áåç ÷èñëà 5. Äî-
âåñòè, ùî A  áîðåëåâà ìíîæèíà i ïîðàõóâàòè éîãî ëiíiéíó ìiðó Ëåáåãà.
Ðîçâ'ÿçîê. Ïîçíà÷èìî a = 0, a1a2 . . . an . . . . Íåõàé A1  ìíîæèíà òà-
êèõ ÷èñåë, ïåðøà öèôðà äåñÿòêîâîãî ðîçêëàäó êîòðèõ ìà¹ áóòè 5. Òîäi
A1  iíòåðâàë (0, 5; 0, 6) (çàóâàæèìî, ùî 0, 5 = 0, 49999 . . . , òàê ùî ìîæíà
ââàæàòè, ùî 0, 5 ̸∈ A1). Ìà¹ìî: m1(A1) = 0, 6− 0, 5 = 110 . Äàëi, íåõàé A2
 ìíîæèíà òàêèõ ÷èñåë, äðóãà öèôðà äåñÿòêîâîãî ðîçêëàäó êîòðèõ ìà¹
áóòè 5. Çàóâàæèìî, ùî A2 = (0, 05; 0, 06)∪ (0, 15; 0, 16)∪ . . .∪ (0, 95; 0, 96).
Òàêèõ iíòåðâàëiâ âñüîãî 9 i ¨õ çàãàëüíà äîâæèíà ñòàíîâèòü 9
100
. I òàê äàëi.
Íåõàé An  ìíîæèíà òàêèõ ÷èñåë, n-òà öèôðà äåñÿòêîâîãî ðîçêëàäó êî-
òðèõ ìà¹ áóòè 5. Çàóâàæèìî, ùî An =
(
0, 0 . . . 0 5︸︷︷︸
n






0, 010 . . . 0 5︸︷︷︸
n




. . . ∪
(
0, 99 . . . 1 5︸︷︷︸
n





























Çàóâàæèìî, ùî A = [0, 1] \
∞∪
i=1







1−1 = 0. Îòæå, A ìà¹ ìiðó íóëü. Ìíîæèíà A ¹ çàìêíåíîþ ÿê äîïîâíåííÿ
äî âiäêðèòî¨ ìíîæèíè, i òîìó ¹ áîðåëåâîþ. 2
30
2.2 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè  6
Çàäà÷à 7. Äîâåñòè, ùî äàíà ìíîæèíà ¹ áîðåëåâîþ i ïîðàõóâàòè ¨¨ îä-
íîâèìiðíó ìiðó Ëåáåãà äëÿ êîæíîãî ç âàðiàíòiâ.










































































































[lnn, ln(n+ 1)] \ Z 24 A =
∞∩
n=1










[lnn, en] \ N
11 A = {x ∈ R : sinx ∈ Q} 26 A = {x ∈ R : ex ∈ R \Q}
12 A = {x ∈ R : sinx < 1/2} 27 A = {x ∈ R : sinx = sinx2}
13 A = {x ∈ R : sinx < cosx} 28 A = {x ∈ R : sinx > cosx}
14 A = {x ∈ R : x5 ∈ Q 29 A = {x ∈ R : x2 + 3 > 3x}
15 A = {x ∈ R : x3 + x2 + x+ 1 > 0} 30 A = {x ∈ R : arctanx > π4 }
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Çàäà÷à 8. Íåõàé A  ïiäìíîæèíà âiäðiçêó [0, 1], ùî ñêëàäà¹òüñÿ ç
÷èñåë, äåñÿòêîâèé ðîçêëàä êîòðèõ ìîæíî çàïèñàòè áåç ÷èñåë, ùî âêà-
çàíi â òàáëèöi äëÿ êîæíîãî ç âàðiàíòiâ. Äîâåñòè, ùî A  áîðåëåâà ìíî-
æèíà i ïîðàõóâàòè éîãî ëiíiéíó ìiðó Ëåáåãà.
 ×èñëà  ×èñëà
1 1 16 1 i 2
2 2 17 2 i 3
3 3 18 3 i 4
4 4 19 4 i 5
5 6 20 5 i 6
6 7 21 7 i 8
7 8 22 8 i 9
8 9 23 9 i 1
9 6 i 1 24 2 i 4
10 2 i 5 25 2 i 6
11 2 i 7 26 2 i 8
12 2 i 9 27 3 i 5
13 3 i 6 28 3 i 7
14 4 i 6 29 4 i 7
15 5 i 8 30 5 i 9
2.3 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ
1. Íåõàé A  ïiäìíîæèíà âiäðiçêó [0, 1], ùî ñêëàäà¹òüñÿ ç ÷èñåë,
äåñÿòêîâèé ðîçêëàä êîòðèõ ìiñòèòü âñi öèôðè âiä 0 äî 9. Äîâåñòè, ùî A
 áîðåëåâà ìíîæèíà i ïîðàõóâàòè éîãî ëiíiéíó ìiðó Ëåáåãà.
2. Íåõàé {An, n > 1} - äåÿêà ñóêóïíiñòü âèìiðíèõ ìíîæèí, Ai∩Aj =






, ÿêùî m(An) = 1(2n−1)! .
3. Íåõàé {An, n > 1} - äåÿêà ñóêóïíiñòü âèìiðíèõ ìíîæèí. Äîâåñòè,
ùî m( lim
n→∞
An) = 0, ÿêùî m(An) = ln
2(1 + 1/n).
4. Ïîáóäóâàòè ïîñëiäîâíiñòü áîðåëåâèõ ìíîæèí {An, n > 1} â R2






= 0 (òóò m2 
ìiðà Ëåáåãà â R2).
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x ∈ [1, 2].
7. Íàâåñòè ïðèêëàä âèìiðíî¨ ìíîæèíè, ùî ìà¹ òèï Fσ òà íå ¹ ìíî-
æèíîþ òèïó Gδ.
8. Íàâåñòè ïðèêëàä âèìiðíî¨ ìíîæèíè, ùî ìà¹ òèï Gδ òà íå ¹ ìíî-
æèíîþ òèïó Fσ.
9. Íàâåñòè ïðèêëàä âèìiðíî¨ ìíîæèíè, ùî íå ¹ ìíîæèíîþ æîäíîãî
ç òèïiâ Fσ òà Gδ.
2.4 Âèìiðíi i áîðåëåâè ôóíêöi¨
Â öié ñåêöi¨ ìè äîòðèìó¹ìîñÿ âèêëàäåííÿ òåîði¨ ìiðè â àáñòðàêòíîìó
ïðîñòîði, ùî âêëþ÷à¹ äî ñåáå îêðåìèé âèïàäîê ìiðè Ëåáåãà â Rn. Ïî÷-
íåìî ç îçíà÷åíü.
Îçíà÷åííÿ 2.4.1. Ôóíêöi¹þ, çàäàíîþ íà êiëüöi ìíîæèí R, íàçè-
âà¹òüñÿ ôóíêöiÿ φ : R → R ∪ {∞}. Ôóíêöiÿ íàçèâà¹òüñÿ àääèòèâíîþ,










φ(Ai) ∀ Ai ∈ R, Ai ∩ Aj = ∅, i ̸= j. Ìiðîþ íàçèâà¹òüñÿ
ó ïîäàëüøîìó áóäü-ÿêà íåâiä'¹ìíà σ-àääèòèâíà ôóíêöiÿ ìíîæèí.
Îçíà÷åííÿ 2.4.2. Êiëüöå R ïiäìíîæèí íàçèâà¹òüñÿ àëãåáðîþ, ÿê-
ùî â íüîìó ìiñòèòüñÿ îäèíèöÿ âiäíîñíî îïåðàöi¨ ïåðåòèíó, òîáòî òàêà
ìíîæèíà E, ùî A ∩ E = A äëÿ áóäü ÿêîãî A ∈ R. Äîâiëüíà ìíîæèíà
Ω íàçèâà¹òüñÿ âèìiðíèì ïðîñòîðîì, ÿêùî â íüîìó âèäiëåíî σ-àëãåáðó
ìíîæèí, ùî íàçèâàþòüñÿ âèìiðíèìè. σ-àëãåáðîþ íàçèâà¹òüñÿ σ-êiëüöå ç
îäèíèöåþ.
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Îçíà÷åííÿ 2.4.3. Ïðîñòîðîì ç ìiðîþ íàçèâàþòü âèìiðíèé ïðîñòið
(Ω, σ), íà σ-àëãåáði êîòðîãî çàäàíî íåâiä'¹ìíó ç÷èñëåííî-àäèòèâíó ôóíê-
öiþ ìíîæèí (¨¨ íàçèâàþòü ìiðîþ).
Îçíà÷åííÿ 2.4.4. Íåõàé {Ω, σ, µ}  ïðîñòið ç ìiðîþ. Ôóíêöiÿ f :
Ω → R íàçèâà¹òüñÿ âèìiðíîþ, ÿêùî äëÿ áóäü-ÿêîãî c ∈ R ìíîæèíà
Ac = {x ∈ Ω : f(x) < c} ¹ âèìiðíîþ. Åêâiâàëåíòíå îçíà÷åííÿ: ôóíêöiÿ
f : Ω → R íàçèâà¹òüñÿ âèìiðíîþ, ÿêùî ïîâíèé ïðîîáðàç f −1(B) äî-
âiëüíî¨ áîðåëåâî¨ ìíîæèíè B ⊂ R ¹ âèìiðíîþ ìíîæèíîþ â Ω. Ôóíêöiÿ
f : Ω → R íàçèâà¹òüñÿ áîðåëåâîþ, ÿêùî ïîâíèé ïðîîáðàç f −1(B) äî-
âiëüíî¨ áîðåëåâî¨ ìíîæèíè B ⊂ R ¹ áîðåëåâîþ ìíîæèíîþ â Ω. Iñíóþòü
âèìiðíi, àëå íå áîðåëåâi ôóíêöi¨.
Äåÿêi òèïîâi âëàñòèâîñòi âèìiðíèõ ôóíêöié
1) ßêùî f òà g  âèìiðíi ôóíêöi¨, òî ¨õ ñóìà, ðiçíèöÿ, ìíîæåííÿ
íà ÷èñëî, äîáóòîê, ÷àñòêà (ÿêùî çíàìåííèê íå îáåðòà¹òüñÿ â íóëü) ¹
âèìiðíîþ ôóíêöi¹þ.
2) ßêùî f  áîðåëåâà, à g  âèìiðíà ôóíêöiÿ, òî f ◦ g  âèìiðíà
ôóíêöiÿ.





fn(x)  âèìiðíi ôóíêöi¨
Ãîâîðÿòü, ùî äåÿêó âëàñòèâiñòü A âèêîíàíî µ-ìàéæå âñþäè (àáî
ïðîñòî  ìàéæå âñþäè), ÿêùî ìíîæèíà òèõ x ∈ Ω, äëÿ ÿêèõ A íå âè-
êîíó¹òüñÿ, ìà¹ µ-ìiðó íóëü. Êîðîòêî çàìiñòü ¾ìàéæå âñþäè¿ ïèøóòü:
¾ì.â.¿
4) ßêùî fn(x) → f(x) ìàéæå âñþäè i fn(x)  âèìiðíi ôóíêöi¨ äëÿ
âñiõ n > 1, òî i f(x)  âèìiðíà ôóíêöiÿ.
Â òåîði¨ âèìiðíèõ ôóíêöié äâi íàéâàæëèâiøi òåîðåìè  öå òåîðåìè
Ëóçiíà òà ãîðîâà.
Òåîðåìà 2.4.1. (Òåîðåìà Ëóçiíà). Íåõàé E  âèìiðíà ïiäìíîæèíà
Rn çi ñêií÷åííîþ ìiðîþ i f  âèìiðíà ôóíêöiÿ íà E. Òîäi äëÿ áóäü-ÿêîãî
ε > 0 iñíó¹ çàìêíåíà ìíîæèíà K = Kε ç íàñòóïíèìè âëàñòèâîñòÿìè: 1)
µ(E \Kε) 6 ε; 2) çâóæåííÿ f íà ìíîæèíó Kε ¹ íåïåðåðâíèì.
Òåîðåìà Ëóçiíà ìà¹ ôóíäàìåíòàëüíå çíà÷åííÿ: âîíà ïîêàçó¹, ùî
áóäü-ÿêà âèìiðíà ôóíêöiÿ ñêiëüêè çàâãîäíî ìàëî âiäðiçíÿ¹òüñÿ âiä íåïå-
ðåðâíî¨.
Òåîðåìà 2.4.2. (Òåîðåìà ãîðîâà). Íåõàé E  âèìiðíà ïiäìíîæèíà
Rn çi ñêií÷åííîþ ìiðîþ i f  âèìiðíà ôóíêöiÿ íà E. Òîäi ÿêùî ïîñëi-
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äîâíiñòü µ-âèìiðíèõ ôóíêöié {fn(x)}∞n=1 çáiãà¹òüñÿ µ-ìàéæå âñþäè íà E,
òî äëÿ áóäü-ÿêîãî ε > 0 iñíó¹ âèìiðíà ìíîæèíà K = Kε ç íàñòóïíèìè
âëàñòèâîñòÿìè: 1) µ(E \Kε) 6 ε; 2) fn ðiâíîìiðíî çáiãà¹òüñÿ íà Kε.
Ïðèêëàä 2.4.1.Äîâåñòè, ùî ôóíêöiÿ f(x) ¹ âèìiðíîþ íà [0, 1], ÿêùî
f(x) =
{
sin(x− [x]), ÿêùî x ∈ Q ∩ [0, 1],
ln sin x, ÿêùî x ∈ [0, 1] \Q .
Ðîçâ'ÿçîê. Áóäåìî äîâîäèòè, êîðèñòóþ÷èñü îçíà÷åííÿì 2.4.4 âèìið-
íèõ ôóíêöié. Íåõàé B  äîâiëüíà áîðåëåâà ìíîæèíà â R. Òðåáà äîâåñòè,
ùî ìíîæèíà f−1(B)  âèìiðíà çà Ëåáåãîì. Ïîçíà÷èìî äëÿ çðó÷íîñòi
f1(x) := sin(x − [x]), f2(x) = ln sin x. Òîäi, çà âëàñòèâîñòÿìè ïðîîáðàçó
ôóíêöi¨ f, ìà¹ìî: f−1(B) = f−1(B) ∩ (Q ∩ [0, 1]) ∪ f−1(B) ∩ ([0, 1] \ Q).
Äëÿ íàøî¨ ìåòè öiëêîì äîñòàòíüî äîâåñòè, ùî êîæíà ç ìíîæèí A :=
f−1(B) ∩ (Q ∩ [0, 1]) i C := f−1(B) ∩ ([0, 1] \ Q) ¹ âèìiðíîþ çà Ëåáå-
ãîì; îñêiëüêè âèìiðíi ìíîæèíè ôîðìóþòü σ-àëãåáðó, òî ¨õ ïî¹äíàííÿ
A ∪ C = f−1(B) òàêîæ ¹ âèìiðíîþ çà Ëåáåãîì ìíîæèíîþ. Äîâåäåìî öå.
Ðîçãëÿíåìî A := f−1(B)∩(Q∩ [0, 1]) = f−11 (B)∩(Q∩ [0, 1]). Çàóâàæè-
ìî, ùî A ìà¹ ìiðó íóëü, îñêiëüêè A ¹ äåÿêîþ ïiäìíîæèíîþ ðàöiîíàëüíèõ
÷èñåë, ÿêå ñàìå ìà¹ ìiðó íóëü. Îòæå, A  âèìiðíà ìíîæèíà.
Ðîçãëÿíåìî C := f−1(B)∩ ([0, 1]\Q) = f−12 (B)∩ ([0, 1]\Q). Çàóâàæè-
ìî, ùî ôóíêöiÿ f2(x) = ln sinx ¹ íåïåðåðâíîþ, îòæå, âèìiðíîþ (íàâiòü
áîðåëåâîþ !). Îòæå, C  áîðåëåâå, à A ∪ C = f−1(B) ¹ âèìiðíîþ ìíî-
æèíîþ ÿê ïî¹äíàííÿ äâîõ âèìiðíèõ ìíîæèí. Ìè äîâåëè, ùî f −1(B) 
âèìiðíà ìíîæèíà, ÿêîþ á íå áóëà áîðåëåâà ìíîæèíà B ⊂ R. 2
Ïðèêëàä 2.4.2.Äîâåñòè, ùî ôóíêöiÿ f(x) ¹ âèìiðíîþ íà [0, 1], ÿêùî
f(x) =
{
sin(x− [x]), ÿêùî x ∈ ({0} ∪ [0, 1]) \Q,
ln sin x, ÿêùî x ∈ ([0, 1] ∩Q) \ {0} .
Ðîçâ'ÿçîê. Ìîæíà ìiðêóâàòè ñõîæèìè ìåòîäàìè, ÿê ó ïðèêëàäi 2.4.1.
Áóäåìî äîâîäèòè, êîðèñòóþ÷èñü îçíà÷åííÿì 2.4.4 âèìiðíèõ ôóíêöié. Íå-
õàé B  äîâiëüíà áîðåëåâà ìíîæèíà â R. Òðåáà äîâåñòè, ùî ìíîæèíà
f−1(B)  âèìiðíà çà Ëåáåãîì. Ïîçíà÷èìî äëÿ çðó÷íîñòi f1(x) := sin(x−
[x]), f2(x) = ln sinx. Òîäi, çà âëàñòèâîñòÿìè ïðîîáðàçó ôóíêöi¨ f, ìà¹ìî:
f−1(B) = f−1(B) ∩ (Q ∩ [0, 1] \ {0}) ∪ f−1(B) ∩ ({0} ∪ ([0, 1] \ Q)). Äëÿ
íàøî¨ ìåòè öiëêîì äîñòàòíüî äîâåñòè, ùî êîæíà ç ìíîæèí A := f−1(B)∩
(Q∩ [0, 1] \ {0}) i C := f−1(B)∩ ({0}∪ ([0, 1] \Q)) ¹ âèìiðíîþ çà Ëåáåãîì;
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îñêiëüêè âèìiðíi ìíîæèíè ôîðìóþòü σ-àëãåáðó, òî ¨õ ïî¹äíàííÿ A∪C =
f−1(B) òàêîæ ¹ âèìiðíîþ çà Ëåáåãîì ìíîæèíîþ. Äîâåäåìî öå.
Çàóâàæèìî, ùî A ìà¹ ìiðó íóëü, îñêiëüêè A ¹ äåÿêîþ ïiäìíîæèíîþ
ðàöiîíàëüíèõ ÷èñåë, ÿêå ñàìå ìà¹ ìiðó íóëü. Îòæå, A  âèìiðíà ìíîæèíà.
Ðîçãëÿíåìî C := f−1(B) ∩ ({0} ∪ ([0, 1] \ Q)) = f−11 (B) ∩ ({0} ∪
([0, 1] \ Q)). Çàóâàæèìî, ùî ôóíêöiÿ f1(x) := sin(x − [x]) ¹ âèìiðíîþ
(íàâiòü, áîðåëåâîþ !). Äiéñíî, ôóíêöi¨ x i [x] çðîñòàþòü i, îòæå, áîðåëåâi.
õ ðiçíèöÿ òàêîæ ¹ áîðåëåâîþ ÿê ðiçíèöÿ áîðåëåâèõ ôóíêöié. Ôóíêöiÿ
sin x ¹ áîðåëåâîþ, îñêiëüêè âîíà íåïåðåðâíà. Òîäi f1 ¹ áîðåëåâîþ ôóíê-
öi¹þ (òèì áiëüøå âèìiðíîþ), ÿê êîìïîçèöiÿ äâîõ áîðåëåâèõ f1 = g1 ◦ g2,
äå g2 := x − [x] i g1 := sin x. Îòæå, f−11 (B)  áîðåëåâà ìíîæèíà. Çà-
óâàæèìî, ùî {0} ∪ ([0, 1] \ Q)  áîðåëåâà ìíîæèíà (äîâåäiòü !) i, îò-
æå, C := f−1(B) ∩ ({0} ∪ ([0, 1] \ Q)) ¹ áîðåëåâîþ ìíîæèíîþ ÿê ïåðå-
òèí äâîõ áîðåëåâèõ; òèì áiëüøå, âîíà ¹ âèìiðíîþ ìíîæèíîþ. Íàðåøòi,
A := f−1(B) ∩ (Q ∩ [0, 1] \ {0})  âèìiðíà ìíîæèíà ÿê ïî¹äíàííÿ äâîõ
âèìiðíèõ ìíîæèí, ùî i òðåáà áóëî äîâåñòè. 2
Ïðèêëàä 2.4.3. Íåõàé fn : R → R, n > 1. Âèçíà÷èòè ôóíêöiþ




























n ∈ Z. Îòæå, fn(x) → 0 ïðè n → ∞ âñþäè, êðiì ç÷èñëåííî¨ ìíîæèíè. 2
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2.5 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè  7
Çàäà÷à 9. Äîâåñòè, ùî f(x) ¹ âèìiðíîþ ôóíêöi¹þ íà âiäðiçêó [0, 1] äëÿ
êîæíîãî ç âàðiàíòiâ (ÿê çàâæäè, ¾[x]¿ ïîçíà÷à¹ öiëó ÷àñòêó ÷èñëà x).
 Ôóíêöiÿ  Ôóíêöiÿ
1 f(x) =
{





, x ̸∈ Q . 16 f(x) =
{
cos(x3 − [5x]), x ∈ Q,
sin[1/x], x ∈ [0, 1] ̸∈ Q .
2 f(x) =
{
x− [6x], x ∈ Q,
ln sin[1/x], x ̸∈ Q . 17 f(x) =
{
arctan(x− [5x]), x ∈ Q,
cos[5 sinx], x ̸∈ Q .
3 f(x) =
{
arctan(x− [3x]), x ∈ Q,
cos[5x], x ̸∈ Q . 18 f(x) =
{
[x2 − x+ 3], x ∈ Q,
cos[8x4 + x2], x ̸∈ Q .
4 f(x) =

arctan(x− [5x]), x ∈ Q,
x∫
0
cos tdt, x ̸∈ Q . 19 f(x) =

arctan(x− [5x]), x ∈ Q,
x2∫
x
sin t dt, x ̸∈ Q .
5 f(x) =

cos(sinx), x ∈ Q,
sinx∫
0
cos tdt, x ̸∈ Q . 20 f(x) =

[cos(sinx)], x ∈ Q,
sin2 x∫
0
etdt, x ̸∈ Q .
6 f(x) =

sin(cos(sinx)), x ∈ Q,
tanx/2∫
0
cos tdt, x ̸∈ Q .
21 f(x) =
{
5, x ∈ Q,[
1/x2
]
, x ̸∈ Q .
7 f(x) =

6, x ∈ Q,
cos(x2)∫
0
(t2 + t)dt, x ̸∈ Q .
22 f(x) =






, x ̸∈ Q .
8 f(x) =
{
7x2, x ∈ Q,
cos(sin(1/x)), x ̸∈ Q . 23 f(x) =
{
6x3 − 7, x ∈ Q,
(cos(sin(1/x)))2, x ̸∈ Q .
9 f(x) =
 8x
























11 f(x) = ex − [6x] 26 f(x) = ln ln(x+ 1)


































Çàäà÷à 10. Íåõàé fn : R → R, n > 1. Âèçíà÷èòè ôóíêöiþ g ∈ C(R),
äëÿ êîòðî¨ fn → g ìàéæå âñþäè, ÿêùî fn(x), x ∈ R, çàäàíî äëÿ êîæíîãî
ç âàðiàíòiâ.
 Ïîñëiäîâíiñòü  Ïîñëiäîâíiñòü
1 fn(x) = cos
n(5x) 16 fn(x) = x
3 sinn(x3)
2 fn(x) = (
2
π arctanx)
n + sinn x 17 fn(x) =
n2 cos3 x
1+n2 cos3 x
3 fn(x) = sin
n 1
4x , fn(0) = 0 18 fn(x) = e
−n|x2−1|
4 fn(x) = e
−n sin4n 1
x , fn(0) = 0 19 fn(x) = cos
n2(6x) + 1
5 fn(x) = x







21 fn(x) = cos
n 1
10x2
, fn(0) = 0
7 fn(x) = e
−n2|x4−1| 22 fn(x) = cos
n(sinx)
8 fn(x) = cos









3 24 fn(x) =
n5(e3x−1)
1+n5(e3x−1)
10 fn(x) = cos(sin
n 1
4x), fn(0) = 0 25 fn(x) = sin(sin
n 1
4x), fn(0) = 0
11 fn(x) = cos
n2(cosx) + 1 26 fn(x) = sin
n2(sin(6x)) + 1
12 fn(x) = e









n ln(5|x|) , fn(0) = 0 28 fn(x) = sin
n 1
13x , fn(0) = 0
14 fn(x) = sin
n 1
12x , fn(0) = 0 29 fn(x) =
2








2.6 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ
1.∗ Íåõàé ôóíêöiÿ f ¹ ìîíîòîííîþ i íåïåðåðâíîþ íà âiäðiçêó [a, b] i äè-
ôåðåíöiéîâíà âñþäè â òî÷êàõ öüîãî âiäðiçêó. ×è ìîæíà ñòâåðäæóâàòè,
ùî f ′(x) ̸= 0 ìàéæå âñþäè ?
Âêàçiâêà. Ðîçãëÿíóòè ìíîæèíó êàíòîðîâñüêîãî òèïó K íà âiäðiçêó [0, 1] ïîçè-
òèâíî¨ ìiðè i çàïðîâàäèòè ôóíêöiþ f(x) =
x∫
0
ψ(t)dt, äå ψ(t) := inf
y∈K
|t− y|.
2. ×è áóäóòü âèìiðíèìè: à) ôóíêöiÿ îáìåæåíî¨ âàðiàöi¨; á) ôóíêöiÿ,
iíòåãðîâíà çà Ðiìàíîì íà âiäðiçêó; 3) ôóíêöiÿ ñòðèáêiâ; 4) õàðàêòåðè-
ñòè÷íà ôóíêöiÿ âèìiðíî¨ ìíîæèíè E ⊂ Rn; 5) õàðàêòåðèñòè÷íà ôóíêöiÿ
íåâèìiðíî¨ ìíîæèíè E ⊂ Rn ?
Âêàçiâêà. Â ïóíêòi á) òðåáà ñêîðèñòóâàòèñÿ âiäîìèì êðèòåði¹ì iíòåãðîâíîñòi çà
Ðiìàíîì íà âiäðiçêó [a, b] : ôóíêöiÿ f : [a, b] → R iíòåãðîâíà çà Ðiìàíîì íà âiäðiçêó
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[a, b] òîäi i òiëüêè òîäi, êîëè f ¹ îáìåæåíîþ íà öüîìó âiäðiçêó, êðiì òîãî, ìíîæèíà
¨¨ òî÷îê ðîçðèâó ìà¹ ìiðó Ëåáåãà íóëü.
2.7 Iíòåãðàë Ëåáåãà. Ãðàíè÷íi òåîðåìè
Iíòåãðàë Ëåáåãà  ñóòü i öåíòð ëåáåãîâñüêî¨ òåîði¨ ìiðè. Iíòåãðàë
Ëåáåãà  öå ïåâíå óçàãàëüíåííÿ iíòåãðàëà Ðiìàíà íà ïðÿìié i ó
ïðîñòîði, ÿêå çàâäÿêè ñâî¨é êîíñòðóêöi¨ äîçâîëÿ¹ âèçíà÷àòè öå
ïîíÿòòÿ äëÿ áiëüø øèðîêèõ êëàñiâ ôóíêöié ó ïîðiâíÿííi ç òèìè, ùî
iíòåãðîâíi çà Ðiìàíîì. Íàïðèêëàä, äëÿ ôóíêöi¨ Äiðiõë¹ iíòåãðàë
Ðiìàíà íå iñíó¹, õî÷à iíòåãðàë Ëåáåãà ¹ âèçíà÷åíèì i ëåãêî
îáðàõîâó¹òüñÿ. Îäíèì ç íàéãîëîâíiøèõ åôåêòiâ âïðîâàäæåííÿ
iíòåãðàëà Ëåáåãà ¹ ìîæëèâiñòü çàñòîñóâàííÿ äî íüîãî òàê çâàíèõ
ãðàíè÷íèõ òåîðåì  òåîðåì ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì
iíòåãðàëà.
Îçíà÷åííÿ iíòåãðàëà Ëåáåãà, ÿê ïðàâèëî, íàäà¹òüñÿ â äåêiëüêà åòà-
ïiâ: ñïî÷àòêó âèçíà÷à¹òüñÿ iíòåãðàë âiä òàê çâàíèõ ïðîñòèõ ôóíêöié, à
ïîòiì çà äîïîìîãîþ àïðîêñèìàöiéíîãî ïiäõîäó (òîáòî, ïiäõîäó çà äîïî-
ìîãîþ íàáëèæåííÿ âèìiðíèõ ôóíêöié ïðîñòèìè) iíòåãðàë Ëåáåãà ìîæíî
âèçíà÷èòè äëÿ äîâiëüíî¨ íåâiä'¹ìíî¨ âèìiðíî¨ ôóíêöi¨.
Îçíà÷åííÿ 2.7.1.Íåõàé {Ω, σ, µ}  âèìiðíèé ïðîñòið. Ôóíêöiÿ Sn(x) =
n∑
k=1
ckχEk , äå χEk =
{
1, x ∈ Ek,
0, x ̸∈ Ek,
íàçèâà¹òüñÿ ïðîñòîþ, ÿêùî {Ek}nk=1
ôîðìó¹ âèìiðíå ðîçáèòòÿ ìíîæèíè Ω. Öå îçíà÷à¹, ùî ìíîæèíè Ek âè-




Ïîäàëüøà êîíñòðóêöiÿ iíòåãðàëà Ëåáåãà ñòà¹ ìîæëèâîþ çàâäÿêè íà-
ñòóïíié òåîðåìi.
Òåîðåìà 2.7.1. Íåõàé f(x)  âèìiðíà, íåâiä'¹ìíà i µ-ìàéæå âñþäè
ñêií÷åííà ôóíêöiÿ íà âèìiðíîìó ïðîñòîði {Ω, σ, µ}, òîäi iñíó¹ íåâiä'¹ìíà i
ìîíîòîííî çðîñòàþ÷à ïîñëiäîâíiñòü Sn(x) ïðîñòèõ ôóíêöié, ùî çáiãà¹òü-
ñÿ ïîòî÷êîâî äî f(x).




 ïðîñòà ôóíêöiÿ, Ek ∈ σ, Ek ∩ Ej = ∅ ïðè i ̸= j i
n∪
k=1
Ek = Ω. Íåõàé òà-
êîæ A  âèìiðíà ìíîæèíà. Iíòåãðàëîì Ëåáåãà ïî ìíîæèíi A âiä ôóíêöi¨
39





ckµ(Ek ∩ A) .
Îçíà÷åííÿ 2.7.3. Íåõàé {Ω, σ, µ}  âèìiðíèé ïðîñòið, f(x)  âè-
ìiðíà, íåâiä'¹ìíà i µ-ìàéæå âñþäè ñêií÷åííà ôóíêöiÿ. Òîäi çà òåîðåìîþ
2.7.1 iñíó¹ ìîíîòîííî çðîñòàþ÷à ïîñëiäîâíiñòü ïðîñòèõ ôóíêöié sn(x),











f(x)dµ(x) < ∞. Iíòåãðàë Ëåáåãà âiä íåâiä'¹ìíî¨ âèìiðíî¨
ôóíêöi¨ iñíó¹ çàâæäè, àëå ìîæå áóòè íåñêií÷åííèì.
Çàïèñ: f iíòåãðîâíà çà Ëåáåãîì ⇐⇒ f ∈ L(µ)
f ∈ L(A, µ) ⇔ f iíòåãðîâíà çà Ëåáåãîì íà ìíîæèíi A âiäíîñíî ìiðè µ
Îçíà÷åííÿ 2.7.4. Íåõàé f  âèìiðíà ôóíêöiÿ, ùî ìîæå ïðèéìàòè













çà óìîâîþ, ùî õî÷à á îäèí ç iíòåãðàëiâ â ïðàâié ÷àñòèíi ¹ ñêií÷åííèì.
Iíòåãðàë Ëåáåãà âiä äîâiëüíî¨ âèìiðíî¨ ôóíêöi¨ iñíó¹ íå çàâæäè,
ÿê ïîêàçó¹ ïðèêëàä ôóíêöi¨ f(x) = 1
x
, f(0) = 0, íà R.
Äåÿêi âëàñòèâîñòi iíòåãðàëà Ëåáåãà
1) ßêùî f, g ∈ L(µ) i α, β ∈ R, òî αf + µg ∈ L(µ) i∫
A







2) ßêùî f iíòåãðîâíà çà Ðiìàíîì íà âiäðiçêó [a, b], òî âîíà òàêîæ
iíòåðîâíà i çà Ëåáåãîì i ¨õ iíòåãðàëè ñïiâïàäàþòü ìiæ ñîáîþ.
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ïðè÷îìó iíòåãðîâíiñòü çà Ëåáåãîì ôóíêöi¨ f òÿãíå çà ñîáîþ iíòåãðîâíiñòü
çà Ëåáåãîì ôóíêöi¨ g i íàâïàêè.
4) ßêùî m 6 f(x) 6 M äëÿ âèìiðíî¨ ôóíêöi¨ f ìàéæå âñþäè íà
ìíîæèíi A, òî
m · µ(A) 6
∫
A
f(x)dµ(x) 6 M · µ(A) .







6) Ç÷èñëåííà àäèòèâíiñòü iíòåãðàëà Ëåáåãà. Íåõàé A  âèìiðíà
ìíîæèíà, ïðè÷îìó A =
∞∪
i=1










7) Àáñîëþòíà íåïåðåðâíiñòü iíòåãðàëà Ëåáåãà. ßêùî f ∈ L(A, µ),
òî äëÿ áóäü-ÿêîãî ε > 0 çíàéäåòüñÿ δ = δ(ε) :
∫
E
f(x)dµ(x) < ε, ÿê òiëüêè
âèìiðíà ìíîæèíà E ⊂ A çàäîâîëüíÿ¹ óìîâó: µ(E) < δ. Ñåíñ àáñîëþò-
íî¨ íåïåðåðâíîñòi iíòåãðàëà Ëåáåãà ïîëÿãà¹ â òîìó, ùî iíòåãðàë âiä
ñóìîâíî¨ ôóíêöi¨ ïî ìàëåíüêié ìíîæèíi ¹ ìàëåíüêèì.
Íàñòóïíà âëàñòèâiñòü iñòîòíî âiäðiçíÿ¹ iíòåãðàë Ëåáåãà âiä iíòåãðàëà
Ðèìàíà.
8) Âèìiðíà ôóíêöiÿ f iíòåãðîâíà çà Ëåáåãîì òîäi i òiëüêè òîäi, êîëè
ôóíêöiÿ |f | iíòåãðîâíà çà Ëåáåãîì.
9) ßêùî µ(A) = 0, òî
∫
A
f(x)dµ(x) = 0 äëÿ áóäü-ÿêî¨ âèìiðíî¨ ôóíêöi¨
f.
Òåîðåìè ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà Ëåáåãà
Òåîðåìà 2.7.2. (Òåîðåìà Ëåáåãà ïðî ìîíîòîííó çáiæíiñòü). Íåõàé
{Ω, σ, µ}  ïðîñòið ç ìiðîþ,A ∈ σ i fn  ïîñëiäîâíiñòü âèìiðíèõ íåâiä'¹ìíèõ










Òåîðåìà 2.7.3. (Òåîðåìà Áåïïî Ëåâi). Íåõàé {Ω, σ, µ}  ïðîñòið ç
ìiðîþ i fn  ïîñëiäîâíiñòü âèìiðíèõ ôóíêöié, ùî çàäîâîëüíÿ¹ íàñòóïíi
óìîâè:
1) fn ∈ L(A, µ);





fn(x)dµ(x) = k < ∞.
Òîäi iñíó¹ lim
n→∞
fn(x) = f(x), f ∈ L(A, µ) i âèêîíàíî óìîâó (2.7.1).
Òåîðåìà 2.7.4. (Òåîðåìà Ôàòó). Íåõàé {Ω, σ, µ}  ïðîñòið ç ìiðîþ
i fn  ïîñëiäîâíiñòü âèìiðíèõ íåâiä'¹ìíèõ ôóíêöié íà âèìiðíié ìíîæèíi











ïðè÷îìó â (2.7.2) íå ìîæíà çàìiíèòè ¾lim inf¿ íà ¾lim sup¿.
Òåîðåìà 2.7.5. (Äðóãà ôîðìà òåîðåìè Ôàòó). Íåõàé {Ω, σ, µ} 
ïðîñòið ç ìiðîþ i fn  ïîñëiäîâíiñòü âèìiðíèõ íåâiä'¹ìíèõ ôóíêöié íà









Òåîðåìà 2.7.6. (Òåîðåìà Ëåáåãà ïðî ìàæîðàíòíó çáiæíiñòü). Íåõàé
{Ω, σ, µ}  ïðîñòið ç ìiðîþ i fn  ïîñëiäîâíiñòü âèìiðíèõ ôóíêöié íà
âèìiðíié ìíîæèíi A ∈ σ. Íåõàé fn(x) → f(x) ìàéæå âñþäè íà A i
|fn(x)| 6 g(x), äå ¾ìàæîðàíòà¿ g(x) iíòåãðîâíà çà Ëåáåãîì íà A. Òîäi
ìà¹ ìiñöå (2.7.1).




fn(x)dµ(x), ÿêùî fn(x) =
sin2n x.











àëå äëÿ öüîãî òðåáà ñïî÷àòêó ïåðåâiðèòè óìîâè îäíi¹¨ ç òåîðåì ïðî ãðà-
íè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà Ëåáåãà.
Íàéïðîñòiøå i çðó÷íiøå çà âñå ñêîðèñòàòèñÿ îñòàííüîþ òåîðåìîþ
 òåîðåìîþ 2.7.6 ïðî ìàæîðàíòíó çáiæíiñòü. Îòæå, íàøà ïîñëiäîâíiñòü
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fn(x) = sin
2n x ìàéæå âñþäè çáiãà¹òüñÿ äî íóëÿ (êðiì òî÷êè π/2, äå âîíà
òîòîæíî äîðiâíþ¹ 1). Êðiì òîãî, |fn(x)| 6 1 := g(x) ∈ L([0, π]). Âèñíîâîê













0 · dµ(x) = 0 .2





Ðîçâ'ÿçîê. Ïî ìîæëèâîñòi â òàêèõ âèïàäêàõ ìè íàìàãà¹ìîñÿ çâåñòè
îáðàõóâàííÿ iíòåãðàëà Ëåáåãà äî iíòåãðàëà Ðiìàíà: íàãàäà¹ìî, ùî ÿêùî
iíòåãðàë Ðiìàíà âiä ôóíêöi¨ iñíó¹, òî iñíó¹ iíòåãðàë Ëåáåãà i âîíè äîðiâ-
íþþòü îäèí îäíîìó. Íà æàëü, îäðàçó ñêîðèñòàòèñÿ öèì ìè íå ìîæåìî:
ïiäiíòåãðàëüíà ôóíêöiÿ f(x) = 13√x−1 íå îáìåæåíà íà [1, 2] i òîìó âîíà íå
ìîæå áóòè iíòåãðîâíà çà Ðiìàíîì íà öüîìó âiäðiçêó. Òîìó ìè ñïî÷àòêó
àïðîêñèìó¹ìî ôóíêöiþ f íàñòóïíèì ÷èíîì:
fn(x) =
{ 1




0, x ∈ [1, 1 + 1
n
) .
Çàóâàæèìî, ùî ïîñëiäîâíiñòü fn ìà¹ íàñòóïíi âëàñòèâîñòi: 1) fn(x) ïî-
òî÷êîâî çáiãà¹òüñÿ äî ôóíêöi¨ f(x) = 13√x−1 íà âiäðiçêó [1, 2] âñþäè, êðiì
òî÷êè 1; 2) ïîñëiäîâíiñòü fn(x) ¹ ìîíîòîííî íåñïàäíîþ, îñêiëüêè fk(x) 6
fk+1(x) çà ïîáóäîâîþ. Òîäi ìîæíà çàñòîñóâàòè òåîðåìó 2.7.2 ïðî ìîíî-



















iíòåãðàë âæå iñíó¹ ÿê iíòåãðàë Ðiìàíà, îñêiëüêè ïiäiíòåãðàëüíà ôóíêöiÿ
¹ íåïåðåðâíîþ (îòæå, iíòåãðàë Ðiìàíà iñíó¹). Öåé iíòåãðàë îáðàõîâó¹ìî














































2.8 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè  8
Çàäà÷à 11. Ïîðàõóâàòè ãðàíèöþ äëÿ êîæíîãî ç âàðiàíòiâ.







































































































































































































Çàäà÷à 12. Ïîðàõóâàòè iíòåãðàë Ëåáåãà äëÿ êîæíîãî ç âàðiàíòiâ.






































































































2x, x ∈ R \Q,







sinx, x ∈ R \Q,







3x, x ∈ R \Q,







cosx, x ∈ R \Q,
































f(x)dx iñíó¹ ÿê íåâëàñíèé iíòåãðàë Ðiìàíà, ïðè÷îìó íåõàé
öåé iíòåãðàë çáiãà¹òüñÿ ëèøå óìîâíî (íå àáñîëþòíî). Ùî ìîæíà ñêàçàòè




2. Íåõàé f(x) iíòåãðîâíà çà Ëåáåãîì íà âiäðiçêó [0, 1]. ×è áóäå f 2(x)
iíòåãðîâíà çà Ëåáåãîì íà öüîìó æ âiäðiçêó ?
3. Íåõàé f(x) i g(x) iíòåãðîâíi çà Ëåáåãîì íà âiäðiçêó [0, 1]. ×è áóäå
ôóíêöiÿ F (x) := f(x) · g(x) iíòåãðîâíà çà Ëåáåãîì íà öüîìó æ âiäðiçêó ?
4. Íåõàé f(x) i g(x) iíòåãðîâíi çà Ëåáåãîì íà âiäðiçêó [0, 1]. ×è áóäå
ôóíêöiÿ G(x) := f(x)◦ g(x) iíòåãðîâíà çà Ëåáåãîì íà öüîìó æ âiäðiçêó ?
5. Íåõàé f(x) > 0 iíòåãðîâíà çà Ëåáåãîì íà âiäðiçêó [0, 1]. ×è áóäå
ôóíêöiÿ φ(x) :=
√
f(x) iíòåãðîâíà çà Ëåáåãîì íà öüîìó æ âiäðiçêó ?
6. Íåõàé f(x) -ôóíêöiÿ îáìåæåíî¨ âàðiàöi¨ íà âiäðiçêó [0, 1]. ×è áóäå
öÿ ôóíêöiÿ iíòåãðîâíà çà Ëåáåãîì íà öüîìó âiäðiçêó ?
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